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INOACHUTEJIBHAS 3AIIMCKA

Meroandeckre peKOMEHIAINH O BBHIMOIHEHUIO MPAKTUYECKUX PAOOT COCTABIICHHI B
cootBeTcTBUU ¢ TpeboBaHUsIMU PI'OC K MUHUMYMY COIEPKAHUS ¥ YPOBHIO TIOJITOTOBKH
BbIMycKHUKOB CITO mo cnenumanproctu 38.02.10 DxoHOMUKA U OyXTaNTEPCKUi y4eT (1o
OTpaciisiM) U Ha OCHOBE paboyeil mporpaMmbl JTUCHUIUIHHBI «MaTteMaTukay.

JlanHasi AMCHMIUIMHA OTHOCUTCA K OJIOKY MaTeMaTH4YeCKOMY U OO0IllIeMy ecre-
CTBEHHOHAYYHOMY LIUKIIY TUCHUIUIMH, YCTAHABIMBAIOIINX 0a30Bble 3HAHMS JII OCBOCHUS
M.

B pesynbrate ocBOCHMS TUCHUILITUHBI 00YYaIOUIUIICS T0JKEH YMeTh: - PellaTh
MPUKJIaHbIE 3a7a41 B 00J1acTH NpodecCHOHANIbHOM AesTeNbHOCTH. B pesysnbTaTe
OCBOCHUS YI€OHOU MUCIUTIITUHBI 00YJIArOIIHIICS TOJDKEH 3HATh:

- 3HaYCHHE MAaTEMAaTHKH B TPO(HECCHOHATHHOMN JAEATEIHHOCTH U IPU OCBOEHUH ITIICC3;

- OCHOBHBIC MATEMATUYECKUE METOIbI PEIICHHUSI MPUKIIATHBIX 3a7]a4 B 00JIACTH TIPO-
(beccuoHaNbHOM NeITeNTbHOCTH,

- OCHOBHbBIC TIOHSITUS W METOJbl MAaT€MAaTHYECKOTO aHaIu3a, JUHEHHOU aireOpbl, TEOpuu
KOMILIEKCHBIX YHCEJl, TEOPUU BEPOSTHOCTEN U MaTeMaTUYECKON CTAaTUCTUKH;

- OCHOBBI HHTETpaIbHOrO U U PepeHInanbHOr0 UCHUCTICHHUS.

IIpoyecc usyuenus OucyunIuHbl HaNpasieH Ha Gopmuposanue ooWux KomnemerHyutl,
BKAIOUAIOWUX 8 CeOsl CNOCOOHOCMb !

- OK 1. [TonumaTh CymIHOCTb M COLHMAJIbHYI0 3HAYUMOCTbh CBOeW Oyaymieil mpodeccuw,
NPOSABIIATH K HEW YCTOMYUBBIA HHTEPEC.

- OK 2. Opranu3oBbIBaTh COOCTBEHHYIO JAESTEIBHOCTh, BHIOMpATh THUIIOBbIE METOABI U
CHOCOOBI  BBITIOJIHEHUS TMPOQPECCHOHATBHBIX 3a/lad, OIEHWBAaTh WX J(PEKTUBHOCTH U
KauecTBO.

- OK 3. IIpyHuMath pelieHus: B CTaHIapTHBIX U HECTAHAAPTHBIX CUTYallUIX U HECTH 3a HUX
OTBETCTBEHHOCTb.

- OK 4. OcymecTBisTh TOUCK W HCIOIb30BaHWE HHPOPMAIUU, HEOOXOMMMOW Iysi d(h-
(EKTUBHOTO BBIMOJIHEHUS MPOQPECCHOHATBHBIX 3a/1a4, MPO(PECCHOHATHFHOTO U JTUYHOCTHOTO
pa3BUTHSIL.

- OK 5. Hcnonws3oBaTh HMHPOPMAIMOHHO-KOMMYHHKALIMOHHBIE TEXHOJIOTUU B THpodec-
CHUOHAJILHOM J1eATEeIbHOCTH.

- OK 6. Paborate B KOJJIEKTHBE U B KOMaHJe, d(Q(PEeKTUBHO 0OIIATbCS C KOJJIErami,
PYKOBOJICTBOM, MMOTPEOUTEISIMHU.

- OK 7. bpatp Ha ce0si OTBETCTBEHHOCTh 3a PabOTy 4WIEHOB KOMaHbI(TIOJYMHEHHBIX), 3a
pe3yJbTaT BHITIOJIHEHUS 3a1aHU.

- OK 8. CaMocTosTeNbHO OIpeneisiTh 33Jadd NPO(PECCHOHANBHOTO U JIMYHOCTHOTO
pa3BUTHUSA, 3aHUMATbCAd CaMOOOpPA30BaHUEM, OCO3HAHHO IUJIAHUPOBATh  IOBBIILICHHE
KB (pUKaIum.

- OK 9. OpueHTHpOBaTHCSA B YCIOBHAX YaCTOM CMEHBI TEXHOJIOTUH B MPO(ECCHOHAIBHON
NEeSTeIbHOCTH.

Cooepoicanue OucyuniuHbl OpUeHMUPOBAHO HA NOO2OMOBKY CMYOEeHmMO8 K 0C80EHUIO
npogeccUoOHanIbHblX MOOYIel No CReYUualbHOCMU U 081d0eHUl0 NpoghecCcUuoHaIbHbIMU
KOMnemeHyusmu, COOMBEMCMEYIOWUMYU ~ OCHOBHLIM — BUOAM  NPOPEecCUOHANbHOT
0esmenbHOCmU:



- [IK 1.1. YuTaTh U COCTABIATH IIEKTPUUECKUE CXEMBI JIEKTPUUECKUX TOJCTAHIUN U
CETEH.

- I1IK 1.2. BbInoJHATE OCHOBHBIE BUJIbI pa0OT MO 0OCTY>KUBaHUIO TpaHCHOPMATOPOB U
npeoOpazoBaTeneil 3NEKTPUIECKON IHEPTUH.

- [IK 1.3. BeInoyiHATh OCHOBHBIE BUJIBI PAOOT MO 0OCTY>KUBaHUIO 000PYIOBaHUS pac-
NPEACIUTENBHBIX YCTPOUCTB AJNEKTPOYCTAHOBOK, CUCTEM PEJIECHHBIX 3alIUT U aBTOMa-
TU3UPOBAHHBIX CUCTEM.

- I[IK 1.4. BbIOAHATh OCHOBHBIE BUBI pa0OT MO OOCTYKMBAHHUIO BO3IYIIHBIX U Ka-
OENbHBIX JIMHUN AJIEKTPOCHAOKECHHS.

- TIK 1.5. Pa3pabatsiBath U 0GOPMIISATH TEXHOJIOTHUECKYIO U OTYETHYIO JOKYMEHTa-
LIHO.

- TIK 2.1. IlmaaupoBath 1 OpraHU30BBIBATH PAOOTY IO PEMOHTY 000PYTIOBAHHUS.

- 1IK 2.2. HaxoauTh ¥ YCTpaHATh MOBPEXKICHUSI 000PYI0BAHHUSL.

- TIK 2.3. BeIosHATh paboThl IO PEMOHTY YCTPOMCTB AJIEKTPOCHAOKEHHUSI.

- [IK 2.4. OuenuBaTh 3aTpaThl HA BBINOJIHEHUE PabOT MO PEMOHTY YCTPOMCTB 3JIEK-
TPOCHAOKCHUS.

- TIK 2.5. BpInonHATh NPOBEPKY U aHAJIU3 COCTOSIHUS YCTPOICTB ¥ MPUOOPOB, UCIIOJIb-
3yeMBbIX IIPU PEMOHTE U HajlaJke 000pyJ0BaHMUs.

- [IK 2.6. IIpou3BouTh HACTPONKY U PETYIUPOBKY YCTPOUCTB U MPUOOPOB IS pe-
MOHTa 00OpPYAOBaHUS JIEKTPUUECKUX YCTAHOBOK U CETEH.

Pabouast nporpamma yuyeOHOW AMCHMIUIMHBI ITpeaycMarpuBaer 40 yacoB mpak-
TUYECKUX padoT.



IlepeueHsb MpakTHYECKUX PadoOT

Ne O6bem
w HazBanue paboTbl HACOR
1. | eiicTBus HaJ KOMIUIEKCHBIMH YHCIAMU B alreOpandyeckor U TPUTo- 2
HOMETpHUYECKOU (hopme.
2. | [levnictBus Hax Marpunamu. Beraucnenue onpeaenurenei 11 u 111 mo- 2
psaKa.
3. | Pemienue cucteM JIMHEHMHBIX YPAaBHEHUI MaTPUYHBIM CIIOCOOOM. 2
4. | Pemenus cuctemM TpexX ypaBHEHHUH C TPEMSI HEU3BECTHBIMU C IIOMO- 2
mipio hopmyn Kpamepa.
5. | Pemenus cucteM Tpex ypaBHEHHI C TpeMsl HEU3BECTHBIMU C IIOMO- 2
mplo Metoza ['aycca.
6. | BerunciieHne npou3BOAHBIX CIOXKHOW PYHKIUU. 2
7. | HanOoupliiee 1 HauMeHblLIee 3HaYyeHue (YHKIIMHA Ha OTPE3KE. 2
8. | UccnenoBanue pyHKIMI HA MOHOTOHHOCTb, TOUKH SKCTPEMYMA, BbI- 2
IYKJIOCTh, BOTHYTOCTb.
9. | UccnenoBanue u noctpoeHue rpaduka QyHKIHH. 2
10 | ®yHKIMM HECKOJIBKUX NEPEMEHHBIX. HacTHBIE TPOU3BOIHBIE U TTOJI- 2
HBII 1uddepeHmall.
11. | BelunciieHue HHTErpaJIoOB. 2
12. | Beruucnenue miomaaei Guryp ¢ moMoIbio OnpeaeIeHHOTO HHTErpa- 2
Ja.
13. | IuddepenumanpHple ypaBHEHUS C pa3IesIIOIIMMU IEPEMEHHBIMU. 2
14. | Iluddepennmansabie ypaBHeHUs | mopsika. 2
15. | Pemenue nuddepeHImanbHbIX YpaBHEHUI. 2
16. | YucneHHsble psijibl, CXOAUMOCTh U pacX0auMOCThb. Pa3noxxeHue aiie- 2
MEHTapHbIX (QYHKLMH B psg MakiopeHa.
17. | MHoxecTtBa. Onepannu HaJl MHOKECTBAMM. 2
18. | OcHOBHBIEC MOHATHS KOMOMHATOPHKHU. 2
19. | OcHoBHBIC TOHATUS TeopuH BeposiTHOCTE. CoObiTust. Oneparuu Ha 2
COOBITUSIMU.
20. | Cnyualinas BenuuuHa. JIMCKpeTHas U HEMPEPBIBHAS CIyYailHbIE BEIU- 2
YUHBI. 3AKOH PACTIPENEIICHNS CIIyYalHOW BEJIMYHHBI.
NTOI'O 40




Conep:xanue NnpakTH4IeCKUX padoT.
IIpakTuyeckas paGoraNel.

Tema: NeMcTBUS HAJI KOMIUIEKCHBIMHU YUCJIAMH B ajireOpanyeckoil 1 TPpUro-
HOMeTpHUYeCKou (popMe.

[]env: HayuuTh BBITIOJNHATH Pa3IMYHBIC IEHCTBHSI ¢ KOMIUICKCHBIMY YHCIIAMU; TIepe-
BOJUTH KOMIUJICKCHBIE YHCIIa U3 anreOpandeckoil opMbl U 0OpaTHO;

Kpamxue meopemuueckue ceedenusi:
e [loHATHE KOMIJICKCHOTO YHCJIA M €r0 TreOMeTpUYecKasi MHTEePHpeTAus.
e JleiicTBUA HAJl KOMIUIEKCHBIMH YHCJIAMM B ajiredopanyeckoii gopme.
e Tpuronomerpuuyeckas ¢popmMa KOMILUIEKCHOIO0 YHCJIA.
e JleiicTBUA HAA KOMIUIEKCHBIMH YUCJIAMHU B TPUTOHOMETPHYECKOH Gopme.

1. IlonsiTHE KOMILUIEKCHOI'O YHMCJIA M €r0 reoMeTpruiecKkasi MHTepInpeTanns.

Onpedenenue 1: KOMILIEKCHBIMU YHCIAMH HA3bIBAIOTCS Urcia Buga d + 61, rie a u
6 - NEHCTBUTEIBHBIC YNCTIA, @ YUCTIO Z , OIPeneseMOoe paBEHCTBOM
i’ =—1, Ha3bIBaETCA MHUMOI! CAMHUIICH, €CIIM I STHX YNCEN TTOHATHS
PaBEHCTBA U JICUCTBUS CIIOKEHUS U YMHOXKEHHUSI OTIpe/IeTICHbI CIIeTYI0-
UM 00pa3oMm:

1). JIBa KOMIUICKCHBIX Yncia @, + 6, U A, + 6, HA3BIBAIOTCS PABHBIMH,

ecmm 4, =d,, 6, =6,

2). CymMmMoii IByX KOMIUICKCHBIX YHCeN @, +6,l U d, + 6, Ha3bIBACTCS
KOMIUTIEKCHOE uncio (a, +a,)+ (6, +6,)i;

3). IIpousBeaeHnEeM ABYX KOMIUICKCHBIX YHCENl @) + 6,1 U d, + 6,1

HA3LIBACTCS KOMILIEKCHOE uncio (a,a, —6,6,)+(a,6, +a,6,)i;
3anuce komniexcrhoeo yucia 6 6ude Z = d + 6l nazvléaemcs anzedpauueckoi op-
MOl 3aNUCU KOMIIIEKCHO20 YUCA, 20€ 4 HA3bIBAemCsl 0eUCH 8UMENbHOU YACMbIO
KOMNJIEKCHO20 YUCIa, A 6 -MHUMOU YACHMbIO.

Ilpumepl: 7431

JIro060€e eliCTBUTENIBHOE YHCIIO COJIEPKUTCSI B MHOYKECTBE KOMIUIEKCHBIX YH-
ceir. IToaromy ero MokHo 3anucath Tak: a + 0.
[Tpumep: 4=4+01
Onpeodenenue 2: KommnekcHoe unciao @ — 6l Ha3bIBACTCS KOMNIEKCHO CONPSIHCEH-
HbIM

c unciaoM d + 61 u 0603HaUaeTca 7, TO ecTb Z =a+6l =a —6i .
IHpumep2: 2+51u 2-51



Onpedenenue 3: Mooynem KOMIIIEKCHOTO Yncia Z = d + 6l Ha3bIBAETCS YMCIIO

\/Clz + 6> : ‘z‘:‘a+6i‘=\/a2 + 62 . IIpuyem ‘Z‘ZO,

KomriiekcHOe 9MCiio MOKHO N300pa3uTh ABYMsI CIIOCOOAMHU:
1. Touko¥ MIOCKOCTH C KOOPJMHATAMH (a;B).

[Tpu 5TOM NEHCTBUTENBHBIC YUCIIa U300pAKAIOTCS TOYKAMHU OCH abCIHCC, KOTOPYIO
Ha3bIBAIOT OeliCMBUMENbHOLL 0CbI0, 3 YICTO MHUMBIE YHCTIa- TOYKAMH OCH OpJIMHAT,
KOTOPYIO Ha3bIBAKOT MHUMOLU OCHIO.

2. B Bujie BexTopa ¢ HauasnoM B Havane koopauHat ( Z = 0) u xonuom B Touke M(a;B)
(z=a+aeai).

Kaxxo¥i Touke MI0CKOCTH ¢ KOOpAUHATaMH (a;B) COOTBETCTBYET OJIMH M TOJBKO

0JIMH BeKTOp ¢ HavyasioM B Touke O(0;0) 1 KOHIIOM B TOUKE M(a B), MOITOMY KOM-

mekcHoe uncio d + 61 MOXHO 300pa3nTh B BHIE BEKTOPA OM =z.
V a

z=a+eéi

v

O a X

—_—

Onpeodenenue 4: Yron ¢ Mexay aeictButenabaoit ochto OX u Bekropom OM | otcun-
THIBAEMBIN OT MMOJIOKUTEIIBHOTO HAIPABJICHUS IEHCTBUTEIBHON OCH,
HA3bIBACTCS apeyMeHmoMm KOMIUIEKCHOTO uncia. Eciim oTcuer BeneTcs
MPOTHUB JBMKEHUS YaCOBOM CTPEJIKH, TO BEIUUMHA YTJla CUUTACTCA
IIOJIOKUTEIIBHOM, HHAYEe- OTPULIATEIBHOM.

p=argz=arg(a+ei)

JIt060€ KOMIIEKCHOE YUCII0 UMEET OECKOHEYHOE MHOKECTBO APIYMEHTOB, OTJIMYAI0-
UXCs APYT OT APYyra Ha YHUCI0, KpaTHOE 27T . HaumMenbluee 110 aGCOMIOTHON BelH-
YUHE 3HAYEHUE apTyMEHTA U3 IPOMEKYTKA — 77 < ¢ < 7 HA3BIBACTCS 2A1AGHbIM 3HAYECHU-

em apeymeHnma.
N3 onpenenenust TpUroHOMETPUYECKUX (PYHKIIUM CIIETyeT:

. sin @ SR 1) ¢

; = 18P =—
Ja* +¢6* a’+é* a
IHpumep3:

N300pa3uTh reoMeTpUYECKy0 HHTEPIPETAIIMIO KOMIIJIEKCHOTO YK CiIa, HAUTH MOIYJIh
KOMILUIEKCHOT'O YMCJIA ¥ TJIABHOE 3HAYCHUE apTyMEHTA.

a). z=1; 6). z=-5i; B).z2=2-2i.

cos @ =



Pewenue:

a). z=1
YV a
z=1
; > >
M(1;0) X
2 =v1?+0° =1; cosp= ! =1;0=0"
1’ +0°
0). Z=-5i
A
v
O X
M(O,—S) vy z=-5i
2 2 . -5 —
‘z‘z 0"+ (5" =5;sinp= =
0°+(-5)> O
B).Z=2-2i
V a
X
O
M(2;-2)
z=2-2i




‘Z‘=w/22+( 2)2 =22 tg(p—_?——l;(p:—

2. JleiicTBHSI HAJ KOMILIEKCHBIMM YHMCJIAMHU B ajiredpandeckoi popme.

r
4

Cnoxenue u YMHOXKXCHHUC KOMIIJICKCHBIX YU CCJI MbI BBCJIM B OIIPCACIICHUH KOMIIJICKC-
HOT'O 4uCJIa. BBGI[CM IMpaBujia BbIYUTAHWA U JCJICHHUA KOMIIIICKCHBIX YHUCCII:

(a, +6i))—(a, +6,i)=(a,—a,)+(6,—86,)i,

a, +6i _a,a,+66, a,6—a86, .

a, +6,l a, +6; a, +6;

Ho y,Z[O6HCC BCCTO HeﬁCTBHﬂ HaJl KOMINUICKCHBIMHA YUCJIaMHU IIPOU3BOAUTE C IIOMOIIBIO
IMpaBUJI COOTBCTCTBYIOIIUX ﬂeﬁCTBI/Iﬁ HaJl MHOI'O4JICHAMUA U ITIOHATUCM MHHUMOMN cAu-
HHUIIBI.

Ilpumep4.:

BrimoasuTh NECTBHUA:

a). i5 . 0). i6- B). i’ ; T).(4+2)+(=3+7i); n). (=5+20)—(3+7); €). 2+3)5+7i);
W, L, 223

XK —; 3). — . .
) ) 1-i 4+5i

Pemeﬂue.
a). P54 :(i2)2 -i=(—1)2 -
6). i° =)’ =(-1)°;
B). i =i®-i=@")-i=(-1)"-i=-
r).4+20)+(-3+7)=4-3)+2+7)i=1+9i;
n). (5+2))—B+7)=(-5-3)+2-7)i=-8-5i;
e). Q+3)(5+7)=10+14i +15i +21i* =10+ 29i +21- (1) =—11+29i;
2 20 2 2i 2,
K). == 2= A= 5l
3i 3i-i 3i -3 3
3). 1 _ 1-(-19) :l—i: 1-i  1-i 1-i 1_1
1+i (A+i)-(1=i) 1-i*> 1-(=) 1+1 2 2 2"
I/I) 1+i (1+z) (1+1) (l+i) 1+2z+l 1+21—1_21_

=i (-i)-(A+i)  1-i*  1-(=)) 2 2
Q 2-3i _(2-30)-(4-5i) _8-10i—12i+15i* _8-22i-15_-7-22 __7 22
C 445 (4+50)-(4-50) 16— 25i> 16+25 41 41 41"

3. Tpuronomerpuyeckasi popmMma KOMILUIEKCHOTO YHCJIA.

M300pa3uM KOMILIEKCHOE YHCII0 Z = A + 6l reOMETPHYECKU:



zZ=a+eai

»
>

O a X

O603Ha4UM MOYJIb KOMILIEKCHOTO YHCIIa ‘Z‘ = ‘a + 61" =Va’+6” =,

ApryMeHTOM KOMIIJIEKCHOTO YHCJIa HA3bIBAETCS YTOJ (9, KOTOPBIM BBIYUCIISIETCS C MO-
MOIIBI0 GOPMYIT:

a . 6 [ 2 2
COSQP =—r——=;SMP=—————, HO Va +6 =71, Torja

a’+e a’ +6*

a . 8 )
COSQP=— SIN@P=—; U a=rcose;b=rsinge
r r
[MToxcraBuM moayuuBIInecs GOpMysbl B Z = d + 61 , IOIY4UM:
Z =rcos@+irsin@ ,Torna

Z = r(COS @ +isin @) - TpUrOHOMETpHYECKasi PopMa KOMIUIEKCHOTO YHCIIA.

AJITOPHUTM Iepexo/ia u3 ajredopanueckoii GopMbl KOMILIEKCHOI0 YHCJIA B TPUIO-
HOMETPHYCCKYVIO.

1. Haittu: Va* +6> =r.

2. M300pa3uTh reOMETPUYUECKH YKCIIO Z = A + 61, Ui HaXOXKIEHHS YETBEPTH
qyucia .

a. . 8 .
3. CocCTaBHUTh YypaBHEHUA: COSP =—;SINY =—; U HAUTH O.
r r

4. 3amucaTh Z B TPUTOHOMETPUYECKOH popme z = r(cos@+ising) .
[Ipumepsl: a).IlepeBecTu uncia u3 aaredpandeckoit GopMbl B TPUTOHOMETPUUYECKYIO.
. z=1+i.

1. r=+12+12 =42.

2. N3o0pa3um reoMeTpuyIeCcKHu:



»
>

O 1 X

3HAUUT @ PUHAIUICKUT | YeTBEpTH.

\/5 Vs ) 1

1 T
COSPp=—"F==—"30=— sinp=—;p=—,
3 N2 2 4 NG 4

4.z= \/E(cos£+isin£),
4 4

2). 2=06i

1. r=+0% +6> =6.

2. N300pa3uM reoMeTpruecKu:

Y a
6 4 2
4\@
O »
X
T

Q= - > TAK KaK Z TIpHHaIeKHT MOJIOKUATENBHOU noryocu OV
3HAYUT 3 IMYHKT MOKHO OITYCTHUTb.

4. z :6(cosz+isinz),
2 2

3). 7=-2+23i
1. r=+J(=22+(2V3)? =4+12

2. N306pa3um reoMeTpruecKu:




VYV A

Z

_________ 243

s \<P

-2 0 X
¢ npuHamiexur I yerseprn.
3. cos ——2——1' —(ﬂ—arccosl)—ﬂ'—z—z—”
PETTTY 2 33

4, z= 4(0052—7Z +isin2—7[)
3 3
0). IepeBeCTH U3 TPUTOHOMETPUUECKOU (POPMBI B AJIr€OpanyecKyro:
T T
1). z=8(cos—+isin—
) (cos 2 o)

Penienue:

A

z=8(cos£+isin£)=8(—3+i-l):4x/§+4i.
6 6 2 2

2). z=23(cos 3z +isin 3—ﬁ)
2 2
Pemenue:

Z =3(cos37ﬂ+isin377[) =30+i-(-1)=-3i.

4. leiicTBUA HA/l KOMILUIEKCHBIMH YUCJIAMHU B TPUTOHOMeETpPUYecKoil popme.

[TycTp naHbI qBa YKcIa B TPUTOHOMETpHUYECKOH hopme: z, = (Cos@, +ising,) u

Z, =1, (cos@, +ising,).

1). [Ipyn yMHOXEHUU ABYX KOMILUIEKCHBIX YHCEN, 3aJJaHHBIX B TPUTOHOMETPUYECKON
(dopme, X MOJTYJIH IEPEMHOXKAIOTCS, @ APTYMEHTBI CKJIaJIbIBAIOTCA:

2)°2, =1 1, (cos(@, +@,) +isin(@, +@,)) .

2). [Ipu nenenun IByX KOMIUIEKCHBIX YHCEII, 33JITAaHHBIX B TPUTOHOMETPUIECKOM (op-
M€, UX MOAYJIU JICJISITCS, & APTYMEHThI BBIYUTAKOTCSL:

zZ, T .
=L =L (cos(p, —@,)+isin(p, —,)) .

 h

3). [Ipu BO3BeICHUN KOMILIEKCHOTO YHCia Z = F(COS @ +iSin ) B n-yi0 CTENEHb HUC-
noJsib3yeTcs popmyna:



" =r"(cosn@+isinng), koTopas Ha3biBaeTcs hopmysoii Myagspa.

4). J1nst u3BI€YEHUS KOPHSI N-0il CTENEHH U3 KOMIUIEKCHOTO YHCIIa
z =r(cos@+isin®) ucnoap3yercs hopmya:

8/z =%/r (cos P+ 27k +isin(p+2ﬂk),k =0,1.2,...,n—1,
n n

[Ipumepsnr:
Jlano: z, =3(cos330° +isin330°), z, =2(cos60’ +isin60°).

Z
Haitu: 1). 2,2, 2).Z—1, 3). 24, 4.3z .

2
Pemenue: 1).

2,2, =3-2(cos(330° +60°) +i-sin(330° + 60")) = 6(cos 390° +i-sin390°) =

A

= 6(c0s30° +isin30°) = 6(73+i%) =33 +3i

- %(008(3300 —60")+isin(330° —60%)) = %(cos 270° +isin270°) =

)

2).
3 3

==0+i-(-1)=—=i

2( (-1) 5

7, =2%(cos(4-60°)+isin(4-60°)) =16(cos 240° +isin 240°) =16(cos(270° —30°) +

3).
) +isin(270° —30%)) =16(—sin30° +i(—cos 30%)) = 16(—% —i- g) —-8-83i

0. Yz =3(cos 330" 3+27zk 4 igin 330 3+27zk)
k =0;1;2

k =0,3/z, =3/3(cos110° +isin110°)

k =1,3/z, =3/3(c0s230° +isin 230°)

k =2,3/z, =3/3(cos350° +isin350")

X00 evinonnenusn padoomol:
1. BeImomHUTH 3aJaHus IO BapuaHTaM, UCIOJIb3Ys TIPH HEOOXOJIUMOCTH METOIU-
YECKHUE YKa3aHUSI.

I-B II-B

1. BeIMOJIHUTE ACHCTBUS C KOMIUIEKCHBIMU YUCJIaMU B ajiredpandeckoi popme:

D). (+D(2i-3), D. (—2)G5i+1),




3i (7+0)(2-3i) 20 (6+)4-2))
Dq_0ir VD 24i Dqqi D 1o

2. 3anucaTh KOMIUIEKCHBIC YUCIIA B TPUTOHOMETpHUUECKOH hopme:

). 2=3i, 2). z=1-i, 3). z=—J3+i. ). z=4i, 2). z=—1+i, 3). z=~3—i

3. BBIIOMHUTD IEHCTBUSA ¢ KOMIUIEKCHBIMH YHCIAMH B TPHTOHOMETPHUYECKOM
dopme: 1). Z; -2, ,2). 2, :2,, ecan:

Sz .. 5w 3z .. 37w
Z, =2 cos?+ls1n? , 7, =3 cos7+ls1n7 ,

T .. T T .. T
Z, = 0,4 cos—+isin— |, Z, =COS—+1isin—
2 2 2 2

2. TIpuroToBHUTH YCTHO OTBETHI HA BOMPOCHI K 3aLIUTE MPAKTUUECKOM paboTe.
3alUTUTD BBITTOJIHEHHYIO padoTy.

Bonpocet 01a 3auwgumor:

[ToHATHE KOMILJIEKCHOTO YUCJa U €r0 TEOMETPUYECKAsT UHTEPHPETALIUSI.
JleficTBUS HAJl KOMIUIEKCHBIMU YUCJIaMU B alireOpandeckoi popme.
[ToHsiTHE CONPSIKEHHOTO YUCIIA.

MoayJib KOMIUIEKCHOTO YHUCIIA.

ApPryMEHT KOMILIEKCHOTO YUCIIA.

Tpuronomerpuueckasi opMa KOMIUIEKCHOTO YHCIIA.

. AITOpuTM nepexoja u3 aredpanyeckor (GopmMbl B TPUTOHOMETPUUECKYIO U
Ha000POT.

NoUA LN -



IIpakTnueckasi padoraNe2
Tema: JderictBust Hag maTpuuamMu. Boruucienne onpenenuredeii I1 u I nopsaka.

Heﬂbi OTpa6OTaTI) HaBBIKHM BBIYUCIICHUA OHpeHGHHTeHCﬁ BTOPOI'O 1 TPCTHETO IIOPAAKA
MaTpulbl Pa3jInIHbIMA CHOCO6aMI/I;
3aKPCIIMUTDb NNOJTYYCHHBIC 3HAHWA 110 BBIIIOJTHCHUTIO I[CI\/’ICTBI/II\/'I HaJl MaTpUIIaMH,

Kpamkue meopemuueckue ceedenus:
e Marpuubl, BUIbl MATPHIL
e Onepanuu HaX MATPULAMHU
e Omnpenenurenun maTpunbl. CBoOWiCTBa onpeaeuTeieil, UX BbIYUCIEHHE

1. MaTpuubl, BUbI MATPHUILL

MaTQI/I[[CI‘/’I Ha3bIBACTCA MHOXCCTBO 4HUCCII, 06pa3y}oumx IMPpAMOYT'OJIBHYIO Ta6J'II/IHy,
KOTOpasd COACPIKHUT M CTPOK H 1 CTOJ'I6]_IOB. I[JUI 3aIllMCH MaTpullbl UCIIOJb3YCTCA CIIC-
AYyIomice 0003HaYCHHE:

a4y ay,
A= ayy  dy ar,
aml amZ v amn

Jist 1F000Tr0 BNIeMeHTa ¢,; NEePBbIA HHICKC | 03HAYaeT HOMEP CTPOKH, & BTOPO HH-

JEeKC j HOMEp CTOJOIIA.
Huaronains a,,,d,,,dss,...d,,, HA3bIBAECTCSA TJIABHOM.

Bunsl maTpuig
1. mpstMmoyroibHas MaTpuila, €CJIM YHUCIO CTPOK MATpPUIbl HE PABHO YHUCITY
cToso1oB (m # n ). Hampumep,

a a a
11 12 13

A=

dr; dyy dps

2. KBaJpaTHas MaTpPHIlA, €CIU YHCIIO CTPOK MATPHUIILI PaBHO YUCITY CTOJIOMOB (

m = n). Hanpumep,

B=|a, a,, ay

sz dsp dsg



3. AUaroHajJbHass MaTpula — 3TO KBaApdaTHad MaTpulad, y KOTOpOﬁ OTJIMYHEI OT
HYJIA 3JICMCHTBI, HAXOJAMIUCCS Ha rJIaBHOU JAuaroHaliu. Haan/IMep,

a, 0 0 0
0 ap 0 O

4. enMHMYHAs MaTpULa — 3TO MaTpHlla KBaJpaTHas, TUAaroHaJIbHAsA, Y KOTOPOU
BCE€ yucCJIa rJIaBHOM nuaroHany pasHbl 1. Hammpumep,

1 00
E=0 1 0
0 0 1

5. HyneBasg MaTpula — 3TO MaTpULA, BCE BJIEMEHTHI KOTOPOW paBHBI HYIIIO.
Hanpuwmep,

0O 00
O={0o 0 0
0 00
ay 4ap a,
a a ... a
6. eciu B MaTpuue A=| ' 7% 2n
a,, 4,, ... a,,

MEPECTaBUTh CTPOKHU CO CTOJIOLAMH, TO MOJYYUM TPAHCIOHHUPOBAHHYIO MaT-
puny

a4y A
AT = i, dy A
a,, a, ... a,,

7. MaTpuILa-CTPOKa — 3TO MATPHIA, KOTOPasi COAEPKUT 1 CTPOKY U 1 CTOJIOLOB.
Hanpuwmep,

B:(all Ay .- aln)



8. Marpuia-cToJ0elr] — ’TO MAaTpUla, KOTOpasi COAEPKUT m CTpokK U 1 cronoder.

Hampumep,

2. Onepauuu HaJA MATPUIIAMU

Cymmoii matpuil A 1 B OyneM Ha3bIBaTh TaKyl0 MaTPHII, SJIEMEHTBI KOTOPOIl paBHBI
CyMME COOTBETCTBYIOIIMX 31eMEHTOB Matpull 4 u B. CknaasiBaTh MOKHO TOJIBKO
MaTpULbl, UMEIOIINAE OJAUHAKOBBIE CTPOCHHUE: WIM IPSAMOYIOJBbHBIE TUIIA MXN, WIA

KBaJpaTHBIE NXI.
a a b b a,.,+b a,,+b
A+B:[ 11 12J+( 11 12J:£ 1nton anptbp,
ay; Ay by, by, Ay +by Ay, +by,
[Ipumepsr:

b oo At 2) 5?2
WA= 3/ 774 7

Hawntu: A+B.
Pemenue:
1 2 2 5 1+2 2+5 3 7
A+B= + = =
0 3 4 7 0+4 3+7 4 10
2 -1 4 5 4 2
2) Hano: A=|1 0 5 |,B=|7 2 6
3 1 -1 9 -7 -3
Haiitu: A+B.
Pemenue:
2 -1 4 5 4 2 2+5 (-D+4 4472
A+B=|1 0 5 (+|7 2 6 |[=|1+7 0+2 5+6

31 —1) (9 =7 =3) (349 1+(=7) (=D)+(=3)

7 3 6
=8 2 11
12 -6 -4

Pa3nocTth MaTpull BBINIOJHACTCA aHAJIOTMYHO, T.C. B PE3YJIbTATC BLIYUTAHUSA JABYX
MaTpHuIl IoJIy4acTCda MaTpulla 3JICMCHTDBI KOTOpOfI PaBHBI PAa3HOCTH COOTBECTCTBYIOIIINX

QJIEMCHTOB MaTpHII.



[Tpumep:

oo a5 10 -
dHO: = s B=
1 3 )" (4 0]

Haiitu: A-B.
Pemenue:

(5 10) (2 —1) (5—2 10—(—1)j (3 11J
A—B: _ = =
1 3 4 0 1-4  3-0 -3 3

[IpousBeneHrne MaTpuilbl 4 Ha YUCIO k HA3bIBAE€TCS Takas MaTpUIA, KaXAbId dJie-
MEHT KOTOPOU PaBeH k'a;.

IIpumep:
2 -1 4
1) Hano: A=|3 5 1
0 2 6
Haiitu: 3-A.
Pemienue: YMHOXas KaXAbIM 2JIEMEHT MaTpullbl 4 Ha 3, MOJIy4YUM
6 -3 12
3-A=19 15 3
0O 6 18
2) I[aHO:A:(_3 SJ,B:(Z _1j
5 2 4 -3
Haiitu: 2-A-B.

Pemenue: Haiinem caavamna 2-4

-6 10
2A = . 3aTeM HaligeM
10 4

-6 10 2 -1 -6-2 10—-(-1) -8 11
2A-B= — = = Omnpene-
10 4 4 -3 10-4 4-(=-3) 6 7
. 4 A2 B by, b,
Jenme: [IpouszBenenneM Matpunsl A = Ha MaTpuuy B = Has3bl-
ayp Ay by, by

ay, b +ay, by ay-b,+ta,- by
Baercs Mmatpua C=A-B =

Ay, by +ay, by ayy by +ay, by,

Nrak, yToObI HATH MEPBBIA TEMEHT HOBOW MATPHIIBI C;;,KOTOPBIM PACIONIOKEH B
NEPBOM CTPOKE U MEPBOM CTOJIONE, HAJO0 KaXK]IbIN 3JIEMEHT MEePBOM CTPOKU MaTpHUIbl A
(T.€. @;; ¥ a;3) YMHOXKHUTH Ha COOTBETCTBYIOIIHMI 3JIEMEHT MIEPBOTO CTOJIOIIa MATPHITHI
B (1.e. b;; u by;) 1 ONTy4eHHBIE TPOU3BEICHUS CIOKUTD:



ay, b +a, by,

Jlanee, 4yToOBI HAWTH AJIEMEHT Cjp, PACHOJIOKCHHBIA B TIEPBOM CTPOKE BTOPOTO
CTOJIOIA, HAJI0 YMHOXKHUTH BCE AJIEMEHTHI IIEPBOI CTPOKH MaTpuIlbl 4 (T.€. a;; ¥ a;;) Ha
COOTBETCTBYIOIIHE AJIIEMEHTHI BTOPOTO CTOJIONA MaTtpuilbl B (T.e. b;; u byy) u momy-
YEHHBIC POU3BEICHUS CIIOKHUTD:

[Tpumep:
2 3 6 4
HaHo: A= , B=
5 1 7 9
Haiitu: A-B.
Pemenne:

e 2 3\ (6 4) (2:6+3-7 2:4+3-9) (33 35
5 1)\7 9) \5.6+1-7 5-4+1-9) (37 29
[IpaBuiio yMHOXKEHHUSI MaTPULl PACIPOCTPAHSIETC HA YMHOXXEHUE MPSIMOYTOJIbHBIX

MAaTpHII.
CnpaBeyInBbI CIEAYIONINE TPaBUIA:

1) ymMHOXEHHE MaTpullbl 4 Ha MaTpUIly B UMEeT CMBICI TOJBKO TOI/a, KOrja
YHCJIO CTOJIOIOB MaTpHUIIbl A paBHO YUCITY CTPOK MaTpPHUIIbI B.

2) B pe3yJbTaTe YMHOXKEHHUS JIBYX MPSAMOYTOIBHBIX MATPHI] MOJYYUTCS] MaTpH-
11a, coJiepKaliasi CTOJILKO CTPOK, CKOJIBKO CTPOK B MIEPBOM MATPUIIE, U CTOJb-
KO CTOJIOIIOB, CKOJILKO CTOJIOIIOB BO BTOPOM MaTpHIIE.

[Tpumep:
o azf? 2 -1 2
aHo: A= , —
01 2 B 2 0)
-3 1
Haiitu: A-B.
Pemenue:

-1 2
3 21 3-(-D+2-2+1-(-3) 3-2+2-0+1-1
A'B: . 2 O = —

01 2 31 0-(-D+1-2+2-(-3) 0-2+1-0+2-1

(—3+4-3 6+0+1) (-2 7
{0+2-6 0+0+2) (-4 2
CBoiicTBa YMHOXEHUS MaTPULL:

AB#BA
A-(B-C)=(A-B)-C



(A+B)-C = A-C+B-C

3. Onpeaenauresn MmaTpunbl. CBoiicTBa onpeae/nTes e, MX BbIYMCIEHUE

HYCTB JTaHa KBaI[paTHaH ManI/ILIa BTOpOFO HOpﬂI[KaZ A= (all alzj.
a; dp
OmnpenenuteneM (WIN JSTEPMHUHAHTOM) BTOPOTO TOPSIIKA, COOTBETCTBYIOIINM JIaH-

HOU MaTpHulle, Ha3bIBACTCS YUCIIO ;- d,, — Ay, * Ay OO03HAUACTCS

‘ A‘ _(% G
= =yt lyy — Ayt dy,
ay Ay
(ompenenuTens BTOPOTO MOPSIIKA PaBeH PAa3sHOCTH IMOMAPHBIX MPOU3BEACHHUM dJie-
MCHTOB I'JIABHOM M IIOOOYHOM JTHaroHajei.)

IIpumep:
5
1) Bpruuciauthb
-3 —4
Pemenue:
=2-(-4)-5-(-3)=-8+15=7
I EERCORERCS)
a’ a-b
2) YOopocTuTh BeIpaKECHUE
) Ymp p a-b b2

Penienue:

2
“ azb:az-bz—a-b-a-b:az-bz—az-bz:0
a-b b

IlycTe maHa KBagpaTHas MaTpULA TPETHETO MOPSAIKA

OnpenenurenemM (WU JIETEPMUHAHTOM) TPETHETO TMOPSIKA, COOTBETCTBYIOIIUM
JAHHOUW MaTpulie, Ha3bIBACTCS YUCIIO

Ay Ay A3zt Ay A3y Qi3+ Ay Ayz A3 — Qi3 Ayy " A3 — Ay Ay U3z —Ay3 - A3y~ Ay

OHpC}ICHI/ITCHB TPETHETO MOPAAKA 3aAlIMCBIBACTCS TaK:



ayy 4y 4y
‘A‘ =|da1 Ay dp3| =
Az djzy dsj

=ay Ay Q33+ 0y A3y A3+ Ay Ay3- A3 — A3 Ayy Az — Ay " Ay~ A3z~ Ay3- A3y Ay

[Ipu BbIUKCICHUH ONIPEAETUTENICH TPETHETO MOPsAIKa YA0OHO MOJIB30BATHCS MPaBU-
JIOM TpeyroJibHUKOB (TpaBmiioM Cappyca). ITo mpaBUiIO0 MOKHO MPOUIUTIOCTPUPOBATH
Ha CXEME:

ag 13
a 23
a 2 33

Tpu MOMOXKUTEIBHBIX YJICHA OMNPEISTUTENs MPEACTABISAIOT COOO0H MPOU3BEICHUS
AJIEMEHTOB TJIaBHOW JUArOHANH (a;;°dz>°d33) U DJIEMEHTOB, HAXOSIIMXCS B BEPIITHHAX
JBYX paBHOOEJIPEHHBIX TPEYTOJbHUKOB, OCHOBAHUS KOTOPBIX MapasuieSbHBI TJIaBHOM
TMaroHanu (a;»'day;-az; M a;°aszp-d;;). TpU OTPULIATENIBHBIX €T0 YJICHA €CTh MPOU3BEIe-
HUS AJIEMEHTOB MTOOOYHON AWATOHANU (d;3°A>>°A3;) M DJIEMEHTOB, HaXOIAIIUXCS B BEP-
IIMHAX JIByX PaBHOOEIPEHHBIX TPEYTOJbHUKOB, OCHOBAHHS KOTOPBIX IapajijIeIbHBI
MOOOYHOM auaroHanu (da;,'a; dzz U a;;-dy;'dsp)

[Ipumep:
3 21
Beruncoute 2 5 3
3 4 3
Pemenue:
3 2 1
2 5 3=3-53+2-3-3+2-4-1-1-5-3-2-2-3-3.3-4=
3 4 3

=45+18+8-15-12-36=71-63=8

CBoWCTBa oOpeNeTUTENEH

1. Onpeaenutens HE U3MEHUTCS, €CIU €r0 CTPOKU MOMEHSITh MECTaMU C COOT-
BETCTBYIOIIUMH CTOJIOIIaMH (T.€. TPAHCTIOHUPOBATH )

Ay dp| |44 Ap

Gy Ayl |Gy Ay
[Tpumep:
3 5 3 -2

= =12-(-2)-5=22
—2 4 5 4



2. Ilpu nepecTtaHOBKE JIBYX CTPOK (WUJIM CTOJIOIIOB) ONMPEAEIUTENb U3MEHUT CBOM
3HAK Ha IPOTUBOIOJIOKHBIH

dyp A _ |4y Ao
ay dp a;p 4p
IIpumep:

45
‘ J:44—52=4—m=—@

2 1
=2-5-4-1=10-4=6
4 5

3. OOmuit MHOXHUTETHh BCEX JIEMEHTOB CTPOKH (MJIU CTOJIOIA) MOYKHO BBIHECTH
3a 3HaK ONpEeIETUTENS

ap k‘alzzk.au p)
ay; k-a,, ayy Ay
[Tpumep:
3 -2 3 1
=-2 =-2-3-3-1-7)=-2-9-7)=-4
7 -6 7 3
4. OnpenenuTenb ¢ AByMSI OJIMHAKOBBIMH CTPOKAMHU WJIM CTOJIOIIAMH paBeH HY-
IO
[Ipumep:
1 1 3
1 1 3/=1-1-4+1-3-2+1-(-1)-3-3-1-2—-1-1-4-3-(-1)-1=
2 -1 4

=446-3-6-4+3=0

5. Eciu Bce 2JIeMEHTHI JIBYX CTPOK (WJIM ABYX CTOJIOIIOB) ONpeaeauTeNst mpo-
MOPIIMOHAILHBI, TO OMPEACIIUTEIb PABEH HYJTIO
[Tpumep:

4 2
=4.6-2-12=24-24=0
12 6

6. TpeyroyibHBIM OMpeAeIUTENb, Y KOTOPOIO BCE 3JEMEHTHI, JICXKAIllUE BHIIIE
(MMM HWKE) TJIABHOM JUAroHANM, — HYJIH, PaBEH NMPOU3BEACHUIO 3JIEMEHTOB
rJIaBHOM JWAaroOHalINu

a; 0 0 ayp dip dyg
Ay Ay 0|=10 ay axl=a,-a5 a3

a3 dip dzz 0 0 as;



Munopom M;; siieMenTa a;; ONPEIEIUTENS Ha3bIBACTCA TAKOW HOBLIM OIPEIEIUTEND,

KOTOPBIH TIOJIy4aeTCsl M3 JAHHOTO ONPEICIUTENs] BbIYCPKHBAHUEM I-CTPOKH H j-
cTOJIONA.

Hanpumep, munop M;;, COOTBETCTBYIOIIMN SJEMEHTY d;; OMPEICITUTEIIS

ay 4y 4y
D=la,, a,, ay
Az dzp dijz

MOJTy9aeTCsl, €CJIM BBIYEPKHYTh U3 OMPEIASTUTENS TIEPBYIO0 CTPOKY W BTOPOHM CTOJI-
Oer, T.€.

a a
M, = 21 A3
as; dszj
[Tpumep:
5 3 0
Hano: D=2 -1 4
1 2 6
Haiitu: Mg], M32.
Pemenue:
30
M, = =3.-6-0-2=18-0=18,
2 6
5 0
M, = =5-4-0-2=20-0=20
2 4

AnreOpandecKuM JOMOTHEHUEM 3JIEMEHTA a;; OTPEAeInTes D Ha3bIBaeTCsl MHHOD
M,; 5TOTO BMIEMEHTA, B3ATHIH co 3HakoM (—1)"™. Toraa

Ay =DM,
[Tpumep:
2 4 1
Hano: p-lp -1 3
5 6 7
Haiitu: anreOpanueckue A0MOTHEHUS A;;, A3, As;s.
Pemenue:
142 3 0 3
Ay =DMy = (D T ==140-7-3:5) == 1-(-15) =15,

A23 = (_1)2+3 ’M23 = (_1)5 )

2 4
. 6‘:_1.(2.6_4.5):_1.(12—20)=—1-(—8)=8,

Ay = (=177 My = (=1)° 4‘=1'(2°(—1)—4'0)=1-(—2—0)=1-(—2)=2

2
0 -1




YrBepxkaenue: OnpeneanuTeb MOKHO BIUACIUTE C TIOMOIIBIO aareOpandecKux J10-
MOJIHCHUH, YMHO)KEHHBIX Ha COOTBETCTBYIOIIUI 3JIECMEHT OJHOW CTPOKH HIIA OJTHOTO
cToJIONA.

[Tpumep:

35 2

7 o1 4=t s il _1—3.(—1.(—3)—(—2)-4)—5-(7-(—3)—1-4)+
| -9 _3 -2 -3 1 -3 1 -2

+2-(7-(=2)-1-(-1)) =3-11-5-(-25)+2-(-13) =33+125-26 =132

Xo00 svitnonnenus pabomot:
1. BpINOTHUTH 3aaHMs IO BapuaHTaM, UCIOJIb3Yysl IPU HEOOXOJAUMOCTH METO]IU-
YECKHE YKA3aHUS.

3aoanus:
Bapuanr 1.
6 —4 0 -1
1). Hano: A=| 3 —2 ,B=1-2 5| Haiitu 34+2B.
-1 5 4 0
2 -1 1 2. (-7 -4
2). dano: A= 3 4 B = 4 0 N = T . Haiitu 2A+3B-C.
-1 2
3 21
3).I[aHO: A= 01 2 ’B: 2 0 . Hatitu A-B.
-3 1
30
-1 0 2
4) I[aHO: A= 0 -1 ’B: 2 1 0 . Hanitu AB
-2 5

. Haiittu A- B.

[\O R

1
A= ,B=|2
5) I[aHO. 31 1
2
1 1 1 1
6). Jano: AZ[l 1],32(_1 _J.Haﬁm A-B.

2 -1 -7 4
7). Beraucmuts C = A +2B, rie A:(O 3 j,B:[ j

8). Haiitu AB—BA, ecin A= ,B

—_— N =

N =N

W N =
Il

- A



9). Haiitu 3A-2B, eciu A :(

10). Haiitu AE , rae A :[

a).

Bapuanr 2.

6

, B). ‘_2
3

3 , Q).
-2

6 -2

1). Mano: 4=|3 —2 ,B=10 =1} Hajiru 24+3B.

2). [aHo:

3). Hano:

4). Jlano:

5). Hano:

|

1

2
3

5
-1
1

2 1 3
I 0 2

5 0
2 -1
-2 6

|

2 -1 0
,B=| 2 O
3 2 J :
-3 1
1 0 O
2 3 4
E=10 1 0
5 -1 6 :
0 0 1
1 0 O 2 1
01 0,A=|-1 4 _
0 0 1 5 =2
2 =7 1
7
4 6).3 1 —1,
1 -1 3
2 -1 1
-2 2 2.
1 -2 1
2 1
3 1
B 2 0 ]\7_1 -2 4o
“ls VT3 g . Hanitu +2B-C.
2 -1
]’B: 0 =2 Hajitu A-B.
3 -1
-2 0 4




-1 -1 I 1
. A = 9B = . 7| ° .
6). Jlano: [_1 1 ] [1 _1] Haiitu A-B

-3 -8 5
7). Berancuts C=A> —2B, rie A:[ }B:( j

2 1 2 1
8). Haiitu AB—BA,ecm A=|1 2 1| B= 2
3 21 2

5
5
1
-1 2
3 20
9). Haiitn 3A-2B, ect 4=|, , {}B=[=2 0

I 00
5 2 1
10). Haiitu AE e A= 3 ] I’E: 0 10
0 0 1
I 00 3 -1
11).Haimx1:EA,ecnuEZ 0 1 0LA= 5 -2}
0 0 1 -6 8
12). BeraucauTh onpeeTuTeIn:
4 1 1
5 8 3 -1
.|, o 6).‘_1 o B
8 1 5
3 -3 2 8§ -1 3
r).4 -5 2’ Il)-_z 16
5 -6 4 -3 -1 0

2.1IpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aLIUTE MPAKTUUECKOM padoTe.
3alIUTUTD BBITTOJIHEHHYIO padoTy.
Bonpocwut 014 3auumeot:
1. Cdhopmynupyiite onpeneneHue MaTpUILIbL.
[IprBenuTeE OCHOBHBIE BUBI MATPULL.
JlaliTe NOHATHE ONPEAECIUTEIIST MATPULIBL.
OOBbscHUTE, KaK BBIIOJHSAIOTCS ASMCTBUS HAJl MATPULIAMH.
Kaxoit cioco6 BeIunciIeHUs OnpeeauTeNiel Bbl IPUMEHSUITH?
Yemy BBl HAyUUJIUCH NPHU BBIMOJIHEHUN MPAKTHYECKON paboThI?

AN i N



IIpakTnueckasi padoraNe3
Tema: PemieHue cucTeM JJUHEHHBIX YPABHEHUH MATPUYHBIM CIIOCO00OM.

L]env: 0TpabOTATh HABBIKKM PEUIEHUSI CUCTEM TPEX JIMHEWMHBIX YPABHEHHI C TPEMS He-
M3BECTHBIMU MaTPUYHBIM CIIOCOOOM;
MOBTOPHUTH HaXOXKACHHE 0OpaTHON MaTpUIIBI,

Rpamkue meopemuvdecKue ceeoeHus:

e OOpaTHasi MATPUILIA, BBIYHCJICHHUE O0PATHBIX MATPHUI] BTOPOT0 U TPEThEro
NMOPAIKOB

e PemeHue cucrem JIMHEHHbIX YPABHEHUH B MATPU4HOI opme

1. OﬁpaTHaﬂ MaTpula, BbIMUCJICHUEC OﬁpaTHI)IX MaTpHuIl BTOPOTO0 H TPETHET0
MOpPsAAKOB

KBagpatHas maTtpuiia A Ha3bIBaeTCs BBIPOXKICHHOW, €CIIU €€ ONpPENeUTENb PaBeH
HYJII0, 1 HEBBIPOXKJIEHHOU, €CIIU €€ ONPEEIUTENIb HE PABEH HYIIIO.

Ecnu A — kBagpaTHasg MaTpHiia, TO OOpAaTHOM 1O OTHOILLIEHUIO K A Ha3bIBaeTCs Mat-
puua, KoTopas, OyIy4n YyMHOKEHHOM Ha 4 (Kak cIpaBa, Tak U CJ€Ba), 1a€T €IUHUY-
HYIO MaTpHUILY.

OG603Ha4YNB 0OpaTHYIO MAaTPHILy Yepes A, 3amuurem

Al A=A AT'=E

-l o
Ecnu o6parnas matpuiia 4~ cymiecTByeT, ToO MaTpuila A Ha3bIBaeTCsa 0OpaTUMOH.
Haxosxnenne oOpaTHOM MaTpHUIlbl UMEET OOJBIIIOE 3HAUYCHUE TIPHU PEIICHUH CHCTEM

JIMHEMHBIX YPABHEHUW U B BBIYMCIUTEIBHBIX METOJAX JMHEHHOrO0 IPOrPaMMHUPOBa-

HUSL.

Teopema. /{151 Toro, 4ToObl KBagpaTHast MaTpulia A umena oOpaTHyro, HEOOXOIUMO
U JIOCTaTOYHO, YTOOBI MaTpuila A OBLJIO HEBBIPOKIACHHOM, T.€. UTOOBI €€ ONpe/IeiIu-
TEJb OBLT OTJIMYEH OT HYJIS.

[Tpu ycnoBuu D = ‘A‘ # () oOpaTHast MaTpHIla HAXOAUTCS 1O HopmyIie
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Cxema HaxOXJIeHUsI OOpaTHON MaTPHIIBL:
1. Haxonsar onpenenutens D MaTpuiibl 4.

2. HaXOI[HT aJIFe6paI/ILICCKI/I€ AOIIOJIHCHUA BCEX JJICMCHTOB d;; MaTPpHIbI Amn
3allMCBIBAIOT HOBYIO MAaTPpHUIy HU3 aJIFC6paI/I‘ICCKI/IX I[OHOJIHE?HI/IfI

A, A, AL
Ay Ay oAy,
Anl An2 o Ann

3. TpaHCHOHHMPYIOT MOJYYEHHYIO MATpHUIly (T.€. MEHSAIOT, MECTaMHU CTPOKHU
CO CTOJIOIIAMM )

All A21 cee Anl
A12 A22 s An2
Aln A2n ce Ann

|
4. YMHOXaIOT MOJYYEHHYIO0 MAaTPUIly Ha YUCIIO 5

IIpumep 1:

2 -1
aHo: MaTpuIa A =
I pun (4 3j

Haiitu: oGparhyio Matpuiy 4.
Pernenne: A" (06paTHYIO MAaTpHILy) HaiiieM 1O cXeMe

2
LoD=lA= |=23-(-1):4=6+4=10

4

T.x. D#0, To n1aHHas MaTpulla SIBJSETCSI HEBBIPOXKJICHHOW M, CIIEJIOBATENIBHO, CY-
IIECTBYET 0OpaTHas MaTpulia

2. Haiinem anrebpandeckre JOMOJHEHUS KaKI0T0 dJIEMEHTa:

A, =DM =(-1)*-3=3,
A,=D"*M,=(-1)-4=-4,



A21 (_I)ZH 'M21 = (_1)3 '(_1) =1,
A, =DM, =(-D*"2=2

3 -4

| )

3. TpancnonupyeMm 3Ty MaTpuly, HOJIy4UM
3 1
—4 2

1 1
4. YMHOXUB MOJTYYEHHYIO MAaTPUILy HA YUCIIO o T.€. Ha 0 MOJIy4UM

31

Afl_i.3 N 170 101 (03 o1l

10(-4 2) |4 2| |-04 02
10 10

MO0>XHO BBITIOJIHUTD MTPOBEPKY U YOSIUTHCS, UTO A - A'=E

IIpumep 2:

1 2 3

Hano: A=[0 —1 2

3 0 7

Haiitu: Mmatpuiry, oOpaTHyIO JaHHOI.
Pemenue:
1 2 3
1 D=0 -1 2[=1-(-1)-7+2-2-3+0-0-3-3-(-1)-:3-2:0-7-1-2-0=

30 7
=-7+12+9=14

o -1
T.x. D#0, maTpuiia A HEBBIPOKJACHHAS U, 3HAYUT, MOKHO HalTHU 4 .

2. Haiinem anreOpandeckre JOTOJHEHHUS BCEX AJIECMEHTOB MATPHIIBI A:

All — (_1)1+1 . - 2 _ _7’ A12 _ (_1)1+2 ) O 2 :6’ A13 _ (_1)]+3 . 0 _1 _ 3,
0 7 3 7 3 0
2 3 1 3 1 2
Ay = (=1 =-14, A,=(-1)>". =-2,  A,=(-1)*". =6,
21()07‘ 22()37 23()30




2 3 I 3
A — _1 3+1. :7, A — _1 3+2. __2’
31<>_12‘ p =D
1 2
A — _1 3+3' :_1
5= _1‘
-7 6 3
3anuieM HOBYIO MaTpully | —14 -2 6
7 =2 -1
-7 =14 7
3. TpaHCIIOHMpYEM NONYYCHHYIO MATPHUILLY: | » _, _,
3 6 -1
1 1
4. YMHOXUM MOJYYEHHYIO MaTpHILy Ha 510
=714 7Y (L1 1
-7 -14 7 14 14 14 2 2
A‘lzi. 6 -2 -2 6 -2 -2 31 1
14 14 14 14 7 7 7
S I T o T = A
14 14 14 14 7 14

2. Pemenne cucteM JIMHEHHBIX YPABHEHUI B MATPUIHOM opme

IlycTh maHa cuctemMa ypaBHEHHM
Ay X+ apy Xy +ap;c X3 =b
Ayp* X) +Ayy* Xy + Ay X3 =D,y
Ay X+ 03y Xy +A33 X3 =Dy

Ecnu 0603HaunTh MaTpHily, COCTABICHHYIO U3 KOA(P(ULIMEHTOB MTPU HEM3BECTHBIX

ayy dip 4y
A=|ay ay, a;
A3 dzp dijz

CBO6OI[HI>IC YJICHBI U HCU3BCCTHLIC 3aIINCATh B BHUJIC ManI/II_[-CTOJ'IGHOB
b, X1

B=|b, u X =| x 2

b; X3

TOraa, UCIOJb3ys IMPAaBUJIO YMHOXCHHA MaTpul, 3Ty CUCTCMY ypaBHeHI/Iﬁ MOXXHO 3a-
IIMCaTh TaK:



ay 4y 4y X b,
Az; dzp dzz) \ X3 b;

9T0 PaBCHCTBO HA3bIBACTCA HDOCT@fIIHHM MAaTPpUYHBIM YPABHCHHUCM.

Takoe ypaBHeHHe pemiaeTcsi ciaeayromum oopasom. Ilycte maTpunia 4 HEBBIPOXK-
-1
nennas (D #0), Torna cymecTByeT oopatHas matpuiia 4 . YMHOXXUB Ha Hee 00¢ 4a-
CTH MaTPUYHOTO YPaBHECHMUS, HIMEEM

AT (A-X)=A"-B
Hcnonp3ys coueTaresbHbli 3aKOH YMHOKEHHUS, TIOJTYYUM

(A A)-X=A"-B
Ho Tak kak AYA=E u E-X=X,

l'IOJIyIlI/IM
X=4"'B

T.K. cucTeMy JMHEHHBIX YPABHEHUN MOXHO 3aIlMCATh B BUJE MAaTPUYHOIO ypaBHeE-
HUSI, TO 3Ty CUCTEMY MOHO PELINTh KaK MAaTPUYHOE YPABHEHHE.

Ipumep 1:
JlaHa cucrtema ypaBHEHUN:

3x, —x, +2x; =11
—2x,+x, +x; =—6

b

X, —2x,=3x;=5
Pemnth JaHHYyI0 CUCTEMY MATPUYHBIM CIIOCOOOM.
Pewenue:
1). Halinem rinaBHbIN ONpeaeanuTeNb CUCTEMBI:
3 -1 2
- 1 1] -2 1 -2 1
A=-2 1 1i=3 + +2 = 3(-3+2)+6-1+2(4-1)=8 = 0.
1 -2 -3 -2 -3 |1 -3 I =2

3HAUUT MaTpUIAa HEBBIPOKIACHHAS U JIJIsl HEE CYIIECTBYET oOpaTHasl.
2). 3anuiieM CUCTEMY YpaBHEHUW B MaTpU4YHOM Buae: AX=B.

3 -1 2 X, 11
-2 1 1 |*/x,|=|—6
I -2 =-3) \(x 5

3). Berancimm anredpandeckue JONOIHEHUS Aj; M 0OpaTHYIO MaTpUILy A o dop-
MYyJIaM:

A= (—1)i+jMij nA'= i*AU, riae Mj-onpenennutens (MUHOD), MOJYYEHHBIN ITyTEM BbI-

YEPKUBAHUS i-TOW CTPOKH U j-TOTO CTOJIOIA U3 TJIABHOTO OIMPEAEIUTENS, a



All A21 A31

A'= Alz A22 A32 - IPUCOCACHHAA MaTpHIla, ITIOJIYUCHHAA U3 aJ'IFe6paI/I‘16CKHX J0-

A3 A23 %
l'IOJIHeHI/If;I, ITyTEM TPAHCIIOHUPOBAHUA.

1 1 -1 2
Ap=(-D"-2 23 =-342=-1; Ay=(-1)? -2 -3‘=-<3+4>=-7;A31=<-1>3“ 1
=-1-2=-3;

-2 1 3 2 3
Ap=(-D'"| 1 -3 =-6+1=-5; Ap=(-1)*"|1 —3‘ =-9-2=-11; Ap=(-1)""*|- 2
=T 5 3 -1 3
A=D1 —2=4-1=3; Ap=(-1)""|1 —2‘=—(—6+1)=5; As=(-1)""|-2
2=1;

-1 -7 -3
Al=ls| -5 11 -7 :

513 5 1
3).Bocronsayemcst hopmyioit X=A"'B:
X, -1 -7 -3 11

Y, (= telos 11 -7 x| -6
X, 8 3 5 1 5

X1=%*(—1*11—7*(-6)-3*5)=2,

xzzé #(-5%11-11%(-6)-7%5)= -3,
x3=%*(3*11+5*(—6)+1*5)=1,

OTBeT: X1=2, Xo,=-3, X3=1.

IIpumep 2:

PemuTh cucteMy ypaBHEHU B MaTpu4IHOU (popme

X+ 2‘)62 =10
3’)61 +2’X2+ X3=23
Xy + 2’X3 =13

Pemenne. CoctaBum mMaTpuuHoe ypaBHeHue A-X = B, rae

1 2 0 X1 10
A=[3 2 1 X = x5 B=|23
01 2 X3 13

-1 2

2
1

-1
1

|



. -1
u HalijieMm X o popmyie X=4"B
J1J1st 3T0r0 He0OX0AUMO BBITIOJIHUTD JEHCTBUSA:

1. Haiitu A’

2. HaiitTu npousBeieHUE Al.B

o -1 o
1) YtoOnl HailTH A, HAJO BBIMOJIHUTH YETHIPE ACHCTBHUS:

I 20
a) D=3 2 1|=-9=0
0 1 2
6) Ay =3,A12:—6,A13=3,A21 =—4,A22=2,A23 :—1,1431 :2,/132:—1,/133:—4
3 -6 3
COCTaBUM MaTpHIly -4 2 -1
2 -1 -4
3 -4 2
B) TPAHCIIOHUpPYEM €€, mojyuum | -6 2 —1
3 -1 -4
L
1 39 9
r) YMHOXHUM Ha — = ——. [Tonmyuum ) 2 1
D -9 A=l = —— =
3 9 9
L
39 9
2) Haiizem X=A4"B
L
39 91(10 4
x=atp=| 2 -2 L1 \la|-|3
3 9 9
1 1 4 |\U3) 5
39 9

Urak, peliieHue cucTeMbl ypaBHEHUM €CThb x| =4, x, =3, x3=15
OtBeT: (4; 3; 5)

Xo00 evinonnenusn padoomol:
1. BoImoOaHUTH 3a7aHMs IO BapuaHTaM, UCIOJIB3Yys TIPH HEOOXOIUMOCTH METOU-

YCCKUC YKa3aHUs.

3aoanue:
Pemnre cucteMbl ypaBHEHU MaTPUYHBIM CITIOCOOOM.
Bapuanr 1.
2x, +3x, —2x, =4 3x, = 7x, +9x; =—13 2x, +4x, —2x, =8

1.9 % =2x,+7x; =12 2. 7 —=x,+3x, =2x; =5 3 1-2x, +5x, +9x; =-10,
—3x,+3x, -3x;, =6 x, —4x, +3x;, =6 X, —2x, +6x;, =15



Bapmanr 2.

X, +2x, —4x, =-1 2x, —3x, +2x, =2 -3x, =2x, +x;, =9
1.9 20 +3% —4x; =1 9 ¢ x +5x, —4x; =16 | 3 1% —5x, +7x; =~11,

- X, —2x, +3x; =-1 —2x,+3x, =7x; =13 2x, +3x, —2x; =2
Bapuanr 3.

3x, +7x, —2x, =5 —5x, +7x, =3x; =8 2x, +3x, +5x, =4
1.9-%=2x,+3x; =2, 2.9 X —4x,+2x;=-5 3 7 x,+5x, +3x; =-1

x, —9x, =3x; =-13 2x, +3x, +9x;, =7 =3x,+2x, = Tx, =7
Bapuanr 4.

—3x, +2x, +4x, =4 Tx, +12x, —3x, =9 —4x, =3x, =2x,=-2
1.9 2x,+43x, =2x;=—4 2.9 X, =5x,+4x;=8 3 9§ 2x,+2x, - 7x;=-5

X, —Tx,—=5x; =3 —x, +2x, +6x; =5 X, —5x, +12x, =-11

Bapuanr 5.

—6x, +3x, +4x, =3 5x, +4x, —4x, =2 —4x, +2x, +5x, =2

1.y % =3%-2x;,=-9 2 3 -x+2x,-Tx;=1_ 3 1 x-2x,-3x;=-6

3x, —2x, +x;, =-13 x, +3x, —6x; =1 2x, =3x, =5x; =8

2.IIpuroToBUTH YCTHO OTBETHI HA BOIPOCHI K 3alllUTE MPAKTUYECKOM padoTe.
3alUTUTH BBIIIOJHEHHYIO PaboTy.
Bonpocwul 014 3auumeot:

1. [aiite onpeneneHue oOpaTHOM MATPHULIBI.

2. llpuBenure yclioBUs CYIIECTBOBAHUS OOpAaTHON MaTpPHIIbI AJI JAHHOM.

3. JlaiiTe MOHATHE BBIPOKICHHOW W HEBBIPOKICHHOW MATPHULIBI.

4. OObsacHHTE, KaK TPUMEHSAETCS 00paTHas MaTpULa AJIs PELICHHS CUCTEM ypaB-

HECHUH.
5. YeMy BBl HAyYMJIHCh NP BBINOJIHEHUU PAKTUYECKON paboThI?



IIpakTuyeckas padboraNed

Tema: PenieHUs1 CHCTEM TPeX YPABHEHUMH ¢ TPeMs HEU3BECTHBIMHM € IIOMOIIbIO
dpopmya Kpamepa.

L]env: 0oTpaboOTaTh HABBIKK PEIICHUSI CUCTEM TPEX JIMHCHHBIX YPABHCHHM C TPEMS He-
M3BECTHBIMHU ¢ oMoIIblo hopmyn Kpamepa;

Rpamkue meopemudeckue CB8EOCHUS:

Teopema. Cucrtema n ypaBHEHU C N HEU3BECTHBIMU, ONPEAEIUTENb KOTOPOU OTIIHU-
YE€H OT HYJIsl, BCETJ]a UMEET PELICHUE U NMIPUTOM €IMHCTBEHHOE. OHO HaXOOUTCS Clie-
AYIOIUM 00pa30M: 3HaY€HUE Ka)KJO0T0 W3 HEU3BECTHBIX PaBHO JpoOH, 3HAMEHATEIeM
KOTOPOM SIBJISIETCS] ONIPEAEIUTEND CUCTEMBI, & YHCINUTENb IMOJTYYaeTCsl U3 ONPEACIINTE-
JIS. CUCTEMBI 3aMeHOM cToJi01a Kod(h(GUIIMEHTOB MPYU UCKOMOM HEM3BECTHOM Ha CTOJI-
0e11 CBOOOHBIX UJICHOB.

IlycTh maHa cucTemMa n JIMHEMHBIX YPAaBHEHUH C N IEPEMEHHBIMMU:

ay - X, +a,-x,+...+a,,- -x, =b
:b2

<a21'x1+6122'x2 +...+612n')€n

..........................................

N3 xoadpuiieHToB Ipu HEU3BECTHBIX COCTaBUM MaTpuily 4, U3 CBOOOJHBIX 4lie-
HOB — MaTpuuy B, T.€.



a, GQ,, ... a

Onpenenurens MaTpullbl A 0003HaYUM A U HA30BEM OIPEACIUTETIEM CUCTEMBI.
Takum 06pazom,

a4y ay,
a a a
21 22 2n
A=
anl an2 ann

Ilycte A#0. Ecnu B onpenenuTese CUCTEMbl 3aMEHUTh TOOYEPETHO CTOJIOIBI KO-
3 PUIUEHTOB TIPH X|, X»,...X, HAa CTOJOEI CBOOOIHBIX YJIEHOB, TO MOJYYHM N ONpeJie-
nauTeneit (1151 n HEU3BECTHBIX )

bl alz o e aln
b, a,, ... a,,
A =
1
bn an2 ann
a;, b a,
a, b, a,
A =
2
anl bn ann
a4y b,
ay; Ay b,
A, =
n
a, a, ... b,

Torna ¢popmyner Kpamepa niist petieHus CUCTEMBI N JIMHEWHBIX YPaBHEHUHN C n He-
M3BECTHBIMHU 3aIUIITYTCS TAK:




PaccMmoTpum ciyuai, Koraa onpeiennTelb CUCTEMbI paBeH HYJIH0. 371€Ch BO3MOKHBI
JIBa BapUaHTa!
1) A=0 u xkaxnapli1 onpenenuTess A, paBeH HYIK0. ITO BO3MOKHO TOJBKO TO-
1

raa. Korma Kod(UIMeHTsl Tpu HEU3BECTHBIX X; MPOMOPIHOHATBHEL. Toraa
CHUCTEeMa UMeeT OECUMCIICHHOE MHOXKECTBO PEIICHUH.
2) A=0 u xots 06bl onuH u3 onpenenuresed A, #0. OT0 BO3MOXKHO TOJBKO

TOorga, koraa K03(1)(1)I/ILII/ICHTI>I IIpHU BCCX HCU3ZBCCTHLIX, KPOMC X;, IIPOITOPLHUO-
HaJIbHBI. HpI/I 9TOM IIOJYYaCTCA CHUCTCMaA U3 IIPOTHBOPCUHNBLIX ypaBHeHHﬁ,
KOTOpasd HC UMCCT pemeHHﬁ.

[Tpumepsr:

1) Pemuth cuctemy ypaBHeHu# o dhopmynam Kpamepa

5-x+3y=12
2-x—-y=17
Pemenue:
5 3
A= =5-(-)-3-2=-11
2 -1
12 3
A = =12-(-1)-3-7=-33
7 -1
5 12
A = =5-7-12-2=11
Y27
Torpa
_A 335 _A 1
A —11 A —11
OtBeT: (3; 1)
2) Pemuth cuctemy ypaBHEHUMN
3-x—-2y=5
6-x—4-y=11
Pemenue:
3 =2 5 -2 3 5
6 —4 11 -4 Yoo 11



Tx. A=0,a A #0, A, # 0, TOo cucTeMa HE UMEET PEIICHUM

OTBeT: penieHuil HeT.

3) PemuTth cucteMy ypaBHEHUM

2-x-3y=11
6-x—9-y=33

Penrenue:

2 -3 1 -3 2 11
6 -9 33 -9 Y6 33

KoadduimeHTs! mpu HEM3BECTHBIX MPONOPLIUOHAIBHBI, JaHHAS CUCTEMA UMEET
OecUHCIEHHOE MHOKECTBO PEIICHUN.

OTBeT: GECUMCIICHHOE MHOKECTBO PELIECHUIA.

[TycTh 1aHa cUCTEMA TPEX YPABHEHMH ¢ TPEMS HEU3BECTHBIMU:
ap X, +a,,x, +a,;x; =86
Ay Xy +AyX) +ayX5 =65

Ay X +a3,X, +A33X5 =63

BeinunieM rinaBHbIN OIIPCACIINTCIIb CUCTCMEI, COCTOHIHI/Iﬁ nus3 KOB(l)(bI/I]_II/ICHTOB IIpHU HEC-
HN3BCCTHBIX:

ay dyp 4y
A=lay ay, ay|x0.
s Q3 Qs
3amMeHUM B TJIaBHOM ompenenuTene 1-biif cronbelr Ha cTo0er] CBOOOIHBIX YUCENT, MO~
JTyYUM:
6 4 4
Ay =16, Gy ay.
63 Q3 ds;
3amMeHuM B TJIaBHOM ONpeenuTene 2-0il cToioel Ha cTo0el CBOOOIHBIX YUCE, 1M0-
JTyYUM:
dy, 6, dp
A, =lay 6, ay,
a;; 63 ds;

3aMeHUM B TJIABHOM OTIpe/ieTuTeNe 3-1uit CTOI0eI] Ha cTOI0e1] CBOOOIHBIX YHCeT, TTO-
TyYUM:



Ay =la, a, 6.

az; ds, 65

A A
Torma x;=—, Xp=—=%, X3=£.
A A A
Otu Gopmyibl HazbiBatoTCs hopmynamu Kpamepa.

IIpumep:
JlaHa cricTema ypaBHCHUU:

3x, —x, +2x; =11
-2x,+x, +x, =6
X, —2x, +3x; =5

Pemmts nannyio cucremy ¢ momoiisio opmyn Kpamepa.

Peurenue:
1). Haiinem riaBHbIN ONpeIeTUTENb CUCTEMBI:
3 -1 2
A=l2 1 1|= 3‘ Y I U 12‘: 3(-342)+6-142(4-1)=8 2 0.
1 -2 -3

2). 3aMeHHUM B IJIaBHOM OIpeeuTene 1-biit cTosidel Ha cToa0el] CBOOOHBIX YHCEN,
MOJTYYUM:
1 -1 2

A=l6 1 1 =11‘ b ‘-(-1)‘_6 Moo 1 ‘:11*(-1)+13+2*7=16,
-2 -3 5 -3 5 =2

5 -2 -3

3). 3aMeHMM B TJIABHOM OMpEAENIUTEIE 2-0i CTOJIOEI Ha CTOI0EI] CBOOOIHBIX YHCEN,
TTOJTY4IHM:

512 6 1 2 1 2 6
Ay=l-2 -6 1 :3‘_ ‘-11‘_ 2 7 ‘:3*13-11*5+2*(-4):-24,

] s _3 -3 1 -3 1 5

4). 3aMeHUM B IJIaBHOM OIpEACIUTENE 3-Uid CTOIOCI] Ha CTOI0eI] CBOOOTHBIX YHCEIL,
TOJTYYUM:
3 -1 11

1 - -2 - -2 1
A, =1-2 1 —6=3‘ 6+ 6+11‘ ‘=3*(—7)+(—4)+11*3=8,
-2 5 1 =2
1 -2 5
5). llpumenum dpopmysl Kpamepa:
:ﬁ :ﬁ A3 : :EZZ :—ﬁ:-3 :§:1
X1 A » X2 A s X3=x9 TOoraa: X, 8 » X2 3 » X3 3 .

Otser: (2; -3; 1).
4) Pemmmth cucTeMy ypaBHEHUI

3-x+2-y+z=3
S5.x—=2-y-2-72=3
X+y—z=-2



Penienue:

3 2 | 3 2 1
A=|5 -2 -2/=25 A =3 -2 -2/=25
I 1 -1 -2 1 -1
3 3 1 3 2
A, =5 3 -2/=-25 A =5 -2 3|=50
1 -2 -1 1 1 -2
A, -2
Torna x:&:2_5:1 y:_y:_sz_l Z:£:5_0:
A 25 A 25 A 25

Otser: (1;-1; 2).
Xo00 evinonnenusn padoomol:
1. BeImomHUTH 3a7aHMs IO BapuaHTaM, UCIOJIB3Ys TIPH HEOOXOIUMOCTH METOU-
YECKHEC YKa3aHMS.

3aoanue:
Pemmre cucremsl ypaBHeHui ¢ moMoiubo Gpopmyrn Kpamepa.
Bapmanr 1.
2x, +3x, —2x, =4 3x, =Tx, +9x; =—13 2x, +4x, —2x, =8
1.9 % =2x, +7x; =12 2 3 =X +3x, =2x; =5 3 1-2x, +5x, +9x; =-10,
—3x, +3x, -3x, =6 x, —4x,+3x; =6 X, —2x, +6x; =15
Bapuanr 2.
X, +2x, —4x, =-1 2x, —3x, +2x, =2 =3x, =2x, +x;, =9
1.9 20 +3% —4x; =1 9§ x +5x,—4x; =16 | 3 3% =5x, +7x; =—11,
—-x, —2x, +3x; =-1 —2x, +3x,—=7x, =13 2x, +3x, =2x, =2
Bapuanr 3.
3x, +7x, —2x, =5 —5x, +7x, =3x; =8 2x, +3x, +5x, =4
1.3 -x-2x,43x, =2 2, X, —4x, +2x, =-5 . 3. X, +5x, +3x; =—-1
x, —9x, =3x; =-13 2x, +3x, +9x;, =7 =3x,+2x, = Tx, =7

Bapuanr 4.



=3x, +2x, +4x, =4 Tx, +12x, —3x, =9 —4x, —3x, =2x,=-2
1.9 2x,+3x, =2x;=—4 2. ¢ X, =5x,+4x;=8 3§ 2x,+2x, =7x; =5

X, —Tx,—=5x; =3 —x, +2x, +6x; =5 X, —5x, +12x, =-11
Bapuanr S.
—6x, +3x, +4x; =3 5x, +4x, —4x, =2 —4x, +2x, +5x, =2

1.y % =3%—-2x;,=-9 2 §-x+2x,-Tx;=1_ 3 9 x-2x,-3x,=-6

3x, —2x, +x;, =—13 x, +3x, —6x; =1 2x, =3x, =5x; =8

2.I1puroToBUTH YCTHO OTBETHI HA BOIIPOCHI K 3alllUTE MPAKTUYECKOM padoTe.
3alUTUTH BBIIIOJHEHHYIO PaboTy.
Bonpocwi ona 3awgumbor:

1. Jlaiite onpeneneHne ONPeaeIUTENST MATPUILBI.

2. Beeaute onpenenenue popmyn Kpamepa.

3. Kakumu crioco0amu BIYUCIEHUS ONPEAEIUTENEH Bbl IOJb30BAIUCH?

4. OOpacHuTe, Kak npuMeHstoTcs popmyibl Kpamepa?

5. Uemy Bbl HAYUYHUIIUCH MTPHU BBINOJHEHUU NPAKTUYECKON pabOTHI?

IpakTnueckast padoraNeS.

Tema: PenieHusi CUCTEM TpPeX YPABHEHUM ¢ TPeMsl HEM3BECTHBIMHU C MOMOLIbIO
Metoaa I'aycca.

L]env: 0oTpaboTaTh HABBIKKM PEHICHUSI CUCTEM TPEX JIMHEHHBIX YPABHEHHM C TPEMS He-
W3BECTHBIMH C TOMOIIBI0 MeToa ["aycca;

Kpamxue meopemuueckiue cee0enus:

ITycTh nana cucTeMa TpeX ypaBHEHUM ¢ TpeMsl HEM3BECTHBIMH:
ap X, +apX, +a,3x; =6
a, X, + a),X, + a3 X3 =65 .

Ay X +a3,X, +d33X5 = 6,

Beimumem matpuity A, cocTosyo u3 Ko3hGHUIIMEHTOB MPHU HEU3BECTHBIX:
a;p 4y dgg
A=|ay ay ay
d3p dzp  ds;
K matpune 4 =(a;);,,; cnpaBa JONUIIEM CTOJIOEL U3 CBOOOJHBIX YHCEN 6,,6,,6; , [IOITY-
YUM HOBYIO MaTPHILy, KOTOpasi Ha3bIBACTCS PACITUPEHHON U 0003HAYACTCS:
a

a 6

1M %42 4319
A=lay ay, dyy |6y
431 93p 933 |63



Meron ['aycca — 3TO METOT MOCIEA0BATEIBLHOIO UCKIIFOUEHHS HEN3BECTHBIX. OH CO-
CTOUT B CIAEAYIOUIEM:
1. cucreMy ypaBHEHUH MPUBOIST K SKBUBAJIECHTHOU €1 CUCTEME C TPEYroJIbHOM
MaTpuLenl. DTU AEUCTBUS HA3bIBAIOT MPAMBIM XOIOM.
2. U3 MOJIyYEHHON TPEYroJIbHOM CHCTEMBI NMEPEMEHHBIX HAXOAAT C MOMOIIBIO
MOCJIeIOBATENbHBIX MOJICTAHOBOK (OOpaTHBIN X01)
DneMeHTapHbIe TMPeoOpa3oBaHMs PACHIMPEHHONW MaTPHIBI COOTBETCTBYIOT JKBUBA-
JIEHTHBIM MPE0OPa30BAHUSIM CUCTEMbI YPAaBHCHUH.

[Ipu BBINOJHEHUHU IPSIMOTO X0Aa UCHOJIB3YIOT CIEAYIOIIHNE MPEe0Opa30BaHMUS:
1) ymHOXkeHUe uiu neneHne Kod(hUIMEHTOB CBOOOTHBIX YJICHOB HAa OJI-
HO U TO K€ YHUCJIO,
2) CIIOKEHHE W BBIYUTAHUE YPABHEHUN,
3) mepecTaHOBKY YPABHEHHUU CUCTEMBI,
4) WUCKIIIOUEHUE U3 CUCTEMBl YPABHEHUH, B KOTOPBIX BCE KOIPPUIUEHTHI
IPU HEU3BECTHBIX U CBOOO/IHBIE YIEHBI PaBHBI HYIIIO.
Ipumep 1:
Pemuth cucrtemy ypaBHEeHHM ¢ TOMOILIBIO MeTo1a ['aycca:
X, +x,+x;=3
X, +2x,+x;, =2 .
—2x, +x, +2x, =3

CocraBum pacCiupCHHYIO MaTpunly CUCTCMBI:

I 1 1|3
A=|-1 2 12
-2 1 2|3
CI101M MEPBYIO ¥ BTOPYIO CTPOKHU:
I 1 1|3
A=| 0 3 25|
-2 1 2|3
[TepByr0 CTPOKY YMHOKHUM Ha 2 U CIIOKUM C TPETHEU:
I 1T 1]3
A=[0 3 25|
0 3 419
N3 BTOPO¥ CTPOKH BBIUTEM TPETHIO:
I 1 1 3
A4=|0 3 2|5
0 0 -2|-4

MBbI npuBenM paCIIMPEHHYIO MAaTPUILY K TPEYTOJIBHOMY BUJY, IIEPEUIEM K CUCTEME:
X, +x,+x;,=3
3x, +2x; =5
—2x,=-4



Otkyna: x; =2,x, =%,x1 =§
Ipumep 2:
Hcnonws3ys metoa ['aycca, peluTh CUCTEMY ypaBHECHHIA:
3x+2y— z=4
{Z-x vy+3z=9
x—2y+3z=13

Pemenne. [lepectaBum TpeThe ypaBHEHME HA MECTO MEPBOTO:
x—2y+3z=13
{3-x+2-y z=4
2x— y+3z=9

1 -2 293
3anuiineM pacummpeHay marpuy | 3 2 —14
2 -1 39

B crienyroiieit MmaTpuie nNepByro CTPOKY OCTAaBUM HEU3MEHHOM, a BTOPYIO U
TPETHIO CTPOKH MOJIyYUM B pe3yJIbTaTe YMHOKEHHS IEPBOM CTPOKHU Ha 3, a 3aTeM Ha 2
Y BBIYUTAHHUEM MOOYEPETHO MEPBOM U BTOPOH, a 3aTEM NIEPBOM U TPETHEN CTPOK.

1 -2 213
0O 8 -7-5
0O 3 -1|3
1 -2 213
71 5
Pasngenum Bropyto ctpoky Ha 8|0 1 ——|— g
0O 3 -1/13

JIOMHOUM BTOPYIO CTPOKY Ha 3 ¥ U3 HEE BBIUTEM TPETHIO CTPOKY

1 -2 2|3
o 1 -1|-=2
81 8
0o o -2
8

[Tonyunnu TpeyronapHyro MaTpuiy. [IpsamMon X0 BBITOJIHUIN.
OOpaTHBIN X0 MOCJIEIHIOI CTPOKY MaTPHUIIbI 3aIIUIIIEM B BUJIE YPaBHEHHUS.
[Tomyunm:



HpC,Z[HOCJIe,Z[HIO}O CTPOKY MaTpulbl 3allMIIIEM B BUJIC
y 7 5
——Z7=——
8 8

Y IIOJICTaBUM BMECTO Z HaWAECHHOH 3HaUYeHUE 3

W nanee, u3 nepBoro ypaBHEHUs MOJITyYUM
x—=2-y+2-z=3,
x—2-2+2-3=3,
x—4+6=3,
x=4-6+3,

x=1

Urak, nonyunm x=1,y=2,z7=73
Otsert: (1; 2; 3)
X00 evinonnenusn paoomol:

1. BBINOJHUTH 3aJaHud 110 BapuaHTaM, HUCIIOJIb3Y:A IIPpU HGO6XO,[[I/IMOCTI/I MCTOOH-
YCCKHC YKAa3aHHA.

3aoanue:
Pemmre cucteMsl ypaBHEHHH ¢ TOMOIIBIO MeToaa ['aycca.
Bapmuanr 1.
2x, +3x, —2x, =4 3x, =7x, +9x, =—13 2x, +4x, —2x, =8
1.9 % =2x,+7x; =12 2. 7 —x,+3x, =2x; =5 3 1-2x, +5x, +9x; =-10
—3x, +3x, =3x, =6 x, —4x, +3x; =6 X, —2x, +6x; =15
Bapuanr 2.
X, +2x, —4x; =—1 2x, —3x, +2x, =2 —3x, —2x,+x, =9
1.9 26 +3x, —4x; =1 9§ x,+5x,—4x; =16 | 3 X —5x, +7x; =11,
- X, —2x, +3x; =-1 —2x,+3x, =7x; =13 2x, +3x, —2x; =2
Bapuanr 3.
3x, +7x, —2x, =5 —5x, +7x, =3x; =-8 2x, +3x, +5x, =4

1.3-%-2x,+3x; =2, 2.9 % —4x,+2x;=-5 3 7 x, +5x, +3x;=-1

x, —9x, —3x; =—13 2x, +3x, +9x, =7 =3x, +2x, = Txy; =77

Bapuanr 4.



=3x, +2x, +4x, =4 Tx, +12x, —3x, =9 —4x, —3x, =2x,=-2
1.9 2x,+3x, =2x;=—4 2. ¢ X, =5x,+4x;=8 3§ 2x,+2x, =7x; =5

X, —Tx,—=5x; =3 —x, +2x, +6x; =5 X, —5x, +12x, =-11
Bapuanr S.
—6x, +3x, +4x;, =3 5x, +4x, —4x, =2 —4x, +2x, +5x, =2

1.y % =3%-2x;,=-9 2 §-x+2x,-Tx;=1_ 3 9 x-2x,-3x;,=-6

3x, —2x, +x; =—13 X, +3x, —6x; =1 2x, =3x, =5x;, =8

2.I1puroToBUTH YCTHO OTBETHI HA BOIIPOCHI K 3aIIUTE NPAKTUUECKOM paboTe.
3alUTUTH BBIIIOJHEHHYIO PaboTy.
Bonpocet 0na 3auwgumor:
1. JlaitTe onpeneneHne CUCTEMbI YPABHEHU.
BBeaute onpezaenieHne pacIIMPEHHON MaTPUILIbI CUCTEMBI.
Buibl 5KBUBaNEHTHBIX MPEOOPA30BaHUM.
OnpeneneHue NpsMOro 1 0OpaTHOro Xo/a.
OO0BsicHUTE, KaKk puMeHseTcs meroA ['aycca?
Yemy Bbl HAYUUIIUCH TP BBIMOJHEHUU PAKTUYECKON pabOThI?

AR

IpakTnueckasi padoraNe6.
Tema: BoryucjieHre NPOU3BOAHBIX CJI0KHOU (PYHKLMH.
[]env: oTpaboTaTh HABBIK HAXOXK/ICHUS MMPOU3BOIHBIX CIOXKHBIX (DYHKIIHIA;

Kpamxue meopemuueckue ceedenusi:
e [lonsTHe NpoU3BOAHON PYHKUMHU
e [lpousBoaHasi cyMMbl, PA3HOCTH, IPOU3BEACHUA U YACTHOIO GyHKIMH
e Ilpou3BoaHbIe 1eMEeHTAPHbIX PyHKIUMT
e IlpousBoaHasi C10)KHOU (PYHKUMH
e [IpousBoaHblie BHICHIUX MOPSAAKOB

1. IMousaTHEe MPOU3BOAHON (PYHKIIUMN

IIpy n3yyeHuu TeX WM UHBIX IPOLIECCOB U SABJICHUM 4aCTO BO3HUKAET 3aJa4a ompe-
JIEJICHUSI CKOPOCTH dTUX IIpoLecCOB. Ee pelienne npuBoau K NOHATUIO NTPOU3BOIHON,
SABJISIFOIIEMYCSI OCHOBHBIM MOHSTHEM TU(PPEPEHIINATBHOTO UCUUCTEHUS.

Ilycte MarepuanpHass Touka M IBUKETCS HEPABHOMEPHO I1I0 HEKOTOPOH IPSIMOM.
Kaxxtomy 3Ha4eHUI0 BPEMEHH ! COOTBETCTBYET OIPEIEIICHHOE paccTostaue OM = S 1o



HEKOTOpOo# (prkcupoBaHHOU TOUkU O. ITO PACCTOSHHUE 3aBUCUT OT MCTEKIIIETO BpeMe-
HU t, T.€. S = S(¥).

DTO paBEHCTBO HA3bIBAIOT 3aKOHOM JIBHIKEHHUS TOUKH. TpedyeTcst HaWTU CKOPOCTh
JIBYOKCHUS TOUKH.

O M M Eciu B HEKOTOPBIE MOMEHT BPEMEHH ! TOYKA 3aHH-
- AS MaeT TOJIOXKeHUe M, To B MOMEHT BpeMeHHU [+ At (Ar
S() — MpHUpalICHUEe BPEMCHHM) TOYKA 3aiMET IIOJIOKECHHUE
M, tne OM,=S+AS (AS — mpupaieHue paccTos-
HHUS).
S(t+ A1) Takum oOpa3om, mepeMenieHrue TOYKH M 3a BpeMs
At Oyner

AS =S +Ar)—-S(1).

AS
OtHomieHue A_ BBIpAKACT CPCAHIOIO CKOPOCTh ABUKCHHUSA TOYKH 3a BPCMA At:
4

as
At

Vio

CpenHsisi CKOPOCTb 3aBUCUT OT 3HAUCHUsI Af: 4YeM MEHbIE Af, TEM TOYHEE CPEIHSIS
CKOPOCTb BBIPakaeT CKOPOCTh JBMKEHUS TOKU B IAHHBI MOMEHT BPEMEHH 1 .

[Ipenen cpemnent ckopocTr ABWkKEHUA Ipu Af — (0 Ha3bIBA€TCSI MTHOBEHHOM CKO-
POCTBIO IBUKEHHUS

v = fim A_S: lim S+ At)—S(1)
At—0 A At—0 At

DTOT npe/ien Ha3bIBAIOT MPOU3BOAHON PyHKINHN S(f) 1 0003HAYAIOT:

: At)—
S’(t):AIFBOS(H At; S(1)

Omnpenesenue: [Ipon3BogHoit PyHKIMU y = f(Xx) B TOYKE X, Ha3bIBACTCS MpeJE
OTHONICHUSI TpHpalieHnss (YHKINK K TPUPAIICHUIO apTyMEHTa, KOTJa IpHpanieHue
apryMeHTa CTPEMHTCS K HYJTIO

= fim G0t A0 =5(x)
Ax—0 Ax

OyHKIUA y = f(x), AMErOLIas MPOU3BOAHYIO B KAXIOM TOUke MHTEpBana (a;b),
HaspIiBaeTcs AUbdepeHIMpyeMor B 3TOM HHTEpBaJIC; ONepanus HaXOXKICHUS TPOH3-
BOJIHOM (PyHKITMU Ha3bIBaeTcs auddepeHnmnpoBaHuem.

[Tpumep: Haiitu npousBoHy0 QyHKIMU y = x?

Pemmenue:



1) ApryMeHTy x naeM npupameHue Ax ;
2) Haxomum Ay :
Ay =(x+Ax) —x* =x* +2-x-Ax+(Ax) —x* =2-x- Ax + (Ax )

A
3) CocTtapiseM OTHOIICHHUE Ey:

Ay _2-x-Ax+(Ax)’
Ax Ax

=2-x+Ax

A
4) Haxomgum npenen OTHOIICHUS Ey:

fim 2 — fim (2-x+Ax)=2-x

Ax—0 Ax Ax—0

2. IlpousBoaHasi CyMMBbl, Pa3HOCTH, IPOU3BEIeHHUS U YACTHOTO PyHK-
1107041

Haxoxenne npou3BOAHON (PYHKIMU HEMOCPEICTBEHHO IO OMNPENEIEHUI0 (T.€. C
MIOMOILIBIO TEOPUH TPEJIETIOB) CBA3AHO C ONpEeIeHHBIMU TpyaHOCTAMU. Ha npakTuke
bynkuu gudGepeHIupyoT ¢ TOMOIIBIO Psa MpaBUiI U GopMyIl.

ITycte dynakmun u=u(x) u v=v(x) ase auddepeHupyeMble B HEKOTOPOM HH-
tepBasie (a;b) QyHKIIUM.

Teopema 1. [IpousBoaHast cymMmbl (pa3HOCTH) IBYX (DYHKLIMH paBHA cymme (pa3Ho-
CTH) MPOU3BOJHBIX ATUX (PYHKIIHIA:

(uxv) =u"++'
Teopema 2. [lpousBoaHas mpousBeAcHUS ABYX (YHKIMA paBHA MPOU3BEICHUIO
IIPOM3BOJHOM TMIEPBOIO COMHOXKMUTEJS HA BTOPOM IUIIOC IPOU3BEACHUE IIEPBOrO

COMHOKHTCIII HA ITIPOU3BOJHYIO BTOPOTO:

(u-v)=u-vtu-

Teopema 3. [IpousBogHas yacTHOTO ABYX (DyHKITHI %x;, eciit v(x) =0 paBHa
v(x

JpOOU, YUCTUTETH KOTOPOU €CTh PA3HOCTh MPOU3BEICHUM MPOU3BOAHON YUCIUTEIISI HA



3HAMCHATCJIb U YUCJIUTCIIA HAa IMIPOU3BOAHYIO 3HAMCHATCIIA, 4 3HAMCHATCJIb €CTh KBa/-
pat IpCKHETO 3HAMCHATCIIA

3. IlpousBoaHbIe 3j1eMeHTAPHBIX QyHKIUI (cM. mpujioxkeHue 1)
[Tpumepsl

1) Haiitu npousBoanyto GpyHKINUN
y=x+2-x—6-x+1

Penrenue:

!

V(@120 —6xt1) = () + (2-2°) —(6-x) +(1) =
5.t 4 2-(6) —6-(x) +0=5-x* 163> 6
2) Haii1d mpoH3BOMHYI0 yHKIHH
y=Xx-sinx

Pemrenue: Bocnoab3yemcs hopmyiaoit (u-v) =u'-v+u-v'. [lomyaum

! ! !

y'=(x-sinx) =(x) -sinx+x-(sinx) =1-sinx+x-cosx =

=sin X +COSX

3) Haiitu npou3BoaHy0 QYyHKIIUUA y = xz

L (U :
Pewmenue: Bocnosb3dyemcst popMynon (;) = o [Tonyunm

+1)2
X —1)-2-x_

:2-x-(x2+1)—(
)cz—i-l)2
2. x0 42 x-2-x +2-x 4-x

(xz +1)2 ) (xz +1)2




4. TlpousBoaHasi CJ10KHOM (PYHKIIMU (CM. IPUJIOKEHHE 2)

Ha mpakTuke 4gaie BCEero mpuxoauTcs HaXOIUTh MPONU3BOIHBIC OT CIOXKHBIX (QyHK-
.

Omnpenenenue: [lycts y= f(u) u u=@(x), rorna y= f(¢o(x)) cinoxHas GyHKIHS
C IIPOMEKYTOUYHBIM apT'YMEHTOM U Y HE3aBUCUMBIM apryMEHTOM X.

[IpousBoaHas CIOXKHON PYHKIIUU BbIUUCISAETCA 110 hopMyIie

y' = fl(p(x)= f'(p(x)) ¢'(x)

[Tpumep: Haittn npon3BoiHy10 (QyHKIMH

y =+/COSX

' 1
Pemenue: Bocnionb3yemcs hopmyoit (\/; ) = T u'
u

' (oosx) =L ol i) SInX
Y ( cosx) 2+/cosx (cosx) 2+/cosx ( smx) 2+/coSsx

[Tpumepsr

1) Beraucnuth mpou3BOAHYIO (PYHKITMH

__arctgx

y=e

u !

14
Pemenue: Bocnonsszyemes Gpopmyioit (e”) =e -u

! ] 1
yr — (earctgx) — earctgx . (arctgx) — earctgx . -
I+x

2) BeraucnuTh TpOU3BOAHYIO (DYHKITMH

y= th(x2 —1)

Pemenue: 3anuiieM gaHHyio QYHKIUIO B BUJE:

y=1g'(e ~1)=(igle® 1))



!
o -1
M BOCIIOJIb3yeMCsi (hOpMyIIOit (u”) =n-u"" -u.

[Tomyunm

!

=l - =5 el 1) ilo? 1) -

!/
!

nanee npuMeREM Gopmyiy (tg u) =———Uu
cos™ u

=5-1g(x? —1)-m12—_1)-(x2 1) =51 —1)-@-2%:
B 10-x-tg4(x2 —1)
- cosz( g —1)

3) Haiitu npousBoanyto pynkmuu y = In(sin x)

!

|
Pemenue: [Ipumenum hopmyny (ln u) =—-u . [Tonyuum
u

!’

y'=(ln(sinx)),: _1 (sinx) =——-cosx=— x:ctgx
sin x sin x sin x

5. IIpou3sBoaHbIe BHICHINX MOPSAAKOB

Oyukims f'(x) Ha3bIBAETCSA OIPOM3BOIHON IEPBOTO MOPSIKA.
[IponsBoaHas OT MPOXU3BOAHOM MEPBOTO MOPSAAKA HA3BIBAECTCS MPOU3BOJAHOW BTOPO-

ro mopsiika u obo3navdaercs f''(x).

[IpousBogHast OT BTOPOM MPOU3BOJHOW €CTh IPOU3BOAHAS TPETHEr0 MOPSJIKA

f"(x) uT.nm
[IpousBoaHas n-ro nNopsiiKa €CTh NPOU3BOIHAA OT NPOU3BOIHOM (1 —1)-T0 nopsiKa,

FO = (o)

[Tpou3BoHBIC BHICIINX MOPSIKOB HAaXOJSAT IMIUPOKOE MpUMeHeHue B ¢usuke. Tak,
HanpuMep, BTOPasi IPOU3BOAHAS OT IIYTH €CTh YCKOPEHUE IBUKYIIEHUCS TOUKH.

[Tpumep: Haiiti mpou3BOIHYIO TPETHETO MOpsAaKa s HYyHKIIUN
- 2
y=sinx++5-x

Pemenue:



=—sinx+ =
5-x
2
5.45-x2 —5-x- 10x2 5x2—5x2
=—sinx+ s 2N X Ginxst 5 25-x =—sinx
X X

"

y"" =(~sin x), =—COosXx

1) PaccMOTpUM BEIYMCIICHME TPOM3BOAHBIX HA IPUMEDE.

Ilpumep 1I:
Jano: f(x)=5+x> +3x* +sin x + cos x + 3rgx — 3ctgx + 2log, x+3In x
Haumu: f'(x)

Pewenue:
f'(x)= (5+x3 +3x% + sin x + cos x + 2tgx — 3ctgx + 2log, x+31nx)' = (5)' +(x3), +3(x2), +
+ (sin x)' + (cos x)! + Z(l‘gx), - 3(ctgx), + 2(l0g2 x)' + 3(ln x)! =3x" +6x+cos x—sinx+

2 3 2 3
+ +

cos’x sin*x xin2 «x
Ilpumep 2:

Jlano: f(x)=5" +arcsin x + 3arccos x + arctgx —3arcatgx
Hatimu: f’(x)

Pewenue:



’ ! ’ 12

f(x)= (5x +arcsin x + 3arccos x + arctgx — 3arcctgx) = (5x) +(aresinx) + 3(arccos x) +

' U 1 3 1 3
+(arctgx) —3(arcctgx) =5 ln5+\/]_x2 —\/]_xz +I+x2 i
2 4
=5"In5- +
" Ji-x> 1-x
Ilpumep 3:
x* -1
Hano: 110)=

Hatimu: ()

Pewenue:

/ /
[Tpumenum hopmyiry [ZJ =z V'zuv
%

f/(x):(xzzlJ 1) x (x4()2 o) _ (2x-0h £x2—1)'4x3_

X X

HOJ’Iy‘{I/IM B 2x-x* —4)63()62 —1) B 2x° —4x° +4x° - 2x° +4x° B —2)63(162 - 2) B —2()(2 - 2)
- X - i - X - e - e

Ilpumep 4.

JHano: y(x)=x" - sinx

Hatimu: f'(x)

Pewenue:

pumennm gopmyny (u-v) =u’v+uv’
[Tomyunm

. 4 . . / .
y/(x):(x7 -smx) :(x7) smx+x7(smx) = 7x° sinx + x” cosx

Ilpumep 5:

Jlano: y(x) = 5&/1—2

Haiimu: y’ (x)

Pewenue:

3=

[Tpumenum popmyner: Va" =a™ ;

[Tonyunm



y/(X){

/ / /
1 - 2 1 2 4 21
= —2 =| X =—X =—X :———7:
2 5 5 501
5
2
X

2
sl sl

2). HaiitTi npou3BOAHBIC CACAYIOMIMX CIOKHBIX (DYHKITUMA:

1

Ilpumep Ne I:
f (x) = sin3x

- . /
[Tpumenum hopmyIibl (u")( =n-u""-u’,3aTemMm (smu) = cosu-u’

!

f ’(x) = (sin3x) = cos3x- (3x), = 3cos3x

Ilpumep Ne 2:
f(x) = sin(x2 +5x + 2)

[pumenum popmyiy (sinu) = cosu-u’

!

f'(x)z (Sin(x2 +5)c+2)):cos(x2 +5x+2)-(x2 +5x+2) :(2x+5)-cos(x2 +5x+2)

Ilpumep Ne 3:
f (x) =cos'"x
Tpumernm Gopmynst (") =n-u"" -u’ , 3avem (cosx) = —sinx

’

f '(x) = (cos'oox) = ((cosx)mo) =100- (cosx)99( cosx)' = 100c0s99x(— sinx) = —100sinx - cos”x

Ilpumep Ne 4.
f(x) = ln(x2 + 2x)
[pumenum dpopmyity (nu) = L
u

/

f'(x)z (ln(x2 +2x))' _ -(x2 +2x)’ __ 1 (2x+2)= 2(x+])

x° +2x x° +2x x(x+ 2)
IHpumep Ne 5:
f(x) =1g°x
Tpumeram hopmyny (") =n-u™ -u’, 3atem (igx) = —
coS X
' 1 5igx

£(x)=ig°x)

= ((tgx)j) = 5(tgx)4 -(tgx)' =5tg%x- 5
cos“x cos“x



Ilpumep Ne 6:
f()C) — pisx

4 /
Tpumernm Gopmyist: (e”) =e” -u’, 3atem (igx) = —
cos X

fr(x): (gtgx)' — pi8x '(ng)' = plex . 1 _ A

2 2
cosS X cos X

Ilpumep Ne 7:

fx)=2" +x° + 07

!

[TpumernM GopMyTIbL: (u+v+w) =u'+v' +w’, 3aTeM (a”y =a"-lna-u’,
/
( M) u ./

£ (x)= (zfx +x°+ 0 y = (27 ) () +(0 ) =27 n2(3x) +5x 0 (—x2) =
=327 2+ 5x* - 2x- 0

Ilpumep Ne 8:
fla)=x? -0

/ Y
[pumerum popmynsl: (u-v) =u’ -v+u-v/, (e ) =e"-u’

U '

f'(x)z(x2 -E”‘)’ =(x2)' A+ X7 '(f_x) =200 +x70 (—x) =
=200 =X =x 0 (2—x)
Ilpumep Ne 9:

f (x) = Intg5x

[pumennum dpopmyst: (inu) = 1w , (rgx) =
u

cos’x
' 1 ' 1 1 ! 1 1 5
f'(x): (lntg5x) = —(tg5x) =———5x) = 5= — =
tg5x 1g5x cos” S5x 1g5x cos” S5x 1g5x - cos” 5x

5 B 5 B 5-2 10
sindx 2 sindSx-cosdx  2sindx-cosdx  sinlOx

-cos” 5x
cosdx

IIpumep Ne 10:

f(x) = sin(2" )



. 4
Tpumennm dopmyisr: (sinu) = cosu-u’, (a*) =a* -Ina

!

f'(x)z(sin(?))’ :COS(ZX)'(ZX) :COS(2X)°ZX In2=2"-In2 -coS(2x)

Ilpumep Ne 11:
f(x) = sin’x’
[Tpumenum ¢GopMyIbL: (u”y =n-u""-u’, (sinu) =cosu-u’, (x"y =n-x""
f’(x): (sin2x3 )’ = ((sinx3 )2 )’ = 2(sinx3)-(sinx3 ), = 2sinx’ - cosx’ -(x3)' =2-3x> - sinx’ - cosx’
2

; 3
=3.-x"-sin2x

Ilpumep Ne 12:
fix) =~5x" =7

1 !

U
2Wu

£/ (x)= (\/5x2 —7y :ﬁ.(sxz ~7) =
e

[Tpumenum GHopMyIIbI: (\/Z )/ =

10x B S5x
N5kt =7 Alsx2 -7

-10x =

1
2\5x% =7

Ilpumep Ne 13:
fix) =~ cos5x

[TpuMeHUM (HOPMYJIBL: (\/Z y L, (cosu) = —sime-u’
2Ju
f/(x)= (\/ c0s5x)/ = ! . (cosSx)/ = ! ~(— sin5x)- (SX)/ = ! ~(— sin5x) =
2~/cos5x 2+/cos5x 2~lcosS
__ SsinSx
2~/ cosS5x
Ilpumep Ne 14:
fix)=In al t !
X
;1 , (u Cowvew
[pumenum popmynst: (u) =—-u’, | =| =—
u v v



f/(x):(lnxtlj/— 1 (x+lj/_ x’ .(x+1)/-x3—(x+]).(x3)/_
X

Tx+1 ) x4l sY
) )
B x° .1-x3—3x2-(x+])_ X’ -x3—3x3—3x2_ x’ '—2x3—3x2_
Cox+1 x° Cox+1 x° Cx+1 x°
_x'x(-20-3) _-2x-3 _ 2x+3
(x+1)-x6 x(x+1) x(x+1)

Xo00 évinonnenusn padoomol:
1. BeimomHuTh 3a7aHus IO BapuaHTaM, UCIOJIB3Ys TIPH HEOOXOIUMOCTH METOIHU-
YECKHE YKa3aHUS.

3aoanue: BeIUUCIUTH POU3BOIHBIC.

Bapuant Ne 1: Bapuant Ne 2:
1)y=4x>-7x"" +In10x 1)y=6x" —8x’ +sinl17x
2) y= £—4x2+8 2) y= £4—25x2—3x
3) y =cig/3x 3)y=tgx_37
X

4)y== czos(9x2 —Tx+ 2) 4)y= sin(2x3 —~7x° —1)
5)y =log, (6x* —8) 5)y =In+2x
6) y = In(sin x) 6)y= log2(2x3 +5x—6)
7)y=arctg*3x 7)y =sin’ 6x
8) y= 45x71 8) y= 52x73
9)y=sin3x—1 9) y =cos6x* -2
10)y=+/2x" -3 10)y=v7x+x’
ll)y:(2x3+4)6 ll)y:(2)65+4)10
12) y = cos(14x—3) 12) y =sin(l Lx + x°)
13)y =sin% 13)y =cos@x3j

2x 2x—1
l4)y—tgﬁ 14)y=ctg =
15) y = arcsin 7x 15) y = arccos 19x

16) y = arccos’ 2x 16) y = arcsin* 5x



17)y=4x*+1 17)y=3x’-3

18) y = (x* —5x+8) 18) y = (x* —2x? +8f
19)y=—— 19)y=——1
(1_753)‘ Vx®+1
1+2x 3x
20)y = 20)y =
)y ‘\/1—2x ) x2_1
1-4x
=1 — S P
21y =i =2 21) y =Infx—x* -1
22)y =sin’ 6x 22)y = cos3(x2 +1)
23) y =~/cos2x 23) y=tg’x-sinx
2
24 __Cos X 24) v = 18x
)y 1+cos” x )y 1—1gx
25))’:““0%’\/; 25)y:arcctgx—_1
x+1
26) y= gm 26) y= [(x2—7x2+6)

27)y= 9w/i4x27x +8 iz 27)y= 7\/(3x4 —5x + 2)3

2.IIpuroToBUTH YCTHO OTBETHI HA BOIIPOCHI K 3alllUTE MPAKTUYECKOI paboTe.
3alUTUTH BBIIIOJHEHHYIO PaboTy.
Bonpocet 01a 3auwgumor:

1. JlaiiTe moHsTHE MPOU3BOIHON (QYHKIIUH.

2. BBeauTe npoM3BOJHYIO CYMMBI, pa3HOCTH, TPOU3BEAEHUS U YACTHOTO (DYHKIIHIA.

3. Ilpou3BogHbIE P7IEMEHTAPHBIX (PYHKIIUH.

4. OmnpeneneHue NPOU3BOIHON CIOKHON (QYyHKIHUU.

5. Uemy Bbl HAYYUIIUCH TP BHIMOJHEHUU NPAKTUYECKON pabOThI?

IIpakTnyeckast padoraNe7.
Tema: HanOoJgibliee 1 HaUMeHbIIee 3HaUeHne QYHKIIMU HA OTPe3Ke.

[]env: oTpaboTaTh ANTOPUTM HAXOKICHUSI HAMOOJIBIIIETO U HAUMEHBIIIETO 3HAYCHUS
(GYHKIIUM HA OTPE3KE C TTOMOIIBIO POU3BOIHOM;

Kpamkue meopemudecKkue CBeO0eHUA:

[Tycts pyHkuusa y=f{x) HenpepbIBHa Ha OTpe3ke [a, b]. B aTom ciyuae, kak u3-
BECTHO, OHA MPUHUMAET KaK HauOoJIblIee, TAK M Hau MEHbIIIEE 3HAYEHHSI HA 3TOM OT-
pe3ke. Bo MHOTMX MpUKIIaHbIX BOIPOcax ObIBAE€T BaKHO HANTH T€ TOUKM OTpE3Ka [a,
b], KOTOpPBIM OTBEYAIOT HAMOOJIbIIIEE U HAUMEHBIIIEE 3HAYCHUSI (PYHKIIIH.

[Ipu peuienun 3TOM 3a1a4 BO3MOKHBI JIBA CIlydas:



1) mu6o Haubosbliee (HaUMEHbIIee) 3HaUeHnEe (DYHKIIMHM JIOCTUTAETCsS BHYTPU OT-
pe3Ka M TOI/Ia 3TU 3HAYEHHUS OKAKYTCS B UHCIIE SKCTPEMYMOB (PYHKIIUHY;

2) nmubo HaumOosblliee (HaMMEHbIIIeE) 3HAUCHUE JOCTUTaeTCs Ha KOHIAX OTpe3Ka
[a,b].

Wtak, yToOBl HailTH HanOoJbIlIEE U HAUMEHbIIIEe 3HAYCHUS] HEMPEPHIBHOM HA OT-
peske [a, b] pyHknum y=f(X), Hy>)KHO:

1°. Haiitm Bce KpUTHYECKHE TOUKH, NPUHAICKAIIAE IPOMEKYTKY (a,b), H
BBIYMCIIUTH 3HAYCHUS (PYHKIIUH B ITUX TOUKAX.
2°. BelumcinTh 3HaueHns QYHKIMH Ha KOHIAX OTpe3Ka [a,b],T. e. Haiitu f(a) n

f(b).
3°. CpaBHHTB NOJTyYEHHbIC PE3yIbTAThl; HAHOObIICE U3 HAICHHBIX 3HAUCHUH SB-

Jsiercs HauOoNbIIMM 3HadyeHHeM (YHKIIMM Ha OTpe3ke [a,b]; aHaJoru4HoO,

HAMMCHBIICC U3 HaﬁﬂeHHLIX 3HAYCHUN €CTh HAUMEHBIILICE 3HAYCHUE (bYHKHI/II/I Ha
9TOM OTPEC3KC.

Ipumep Nel. Haitti HaubolnbIuee 1 HAUMEHbIIIee 3HAYCHUS (YHKIMU y=X -6X OT-
peske [—3,4].

Pemenue.

1°. Haiiem kpuTHdecKie TOUKH QYHKIHH B IpoMexyTke (-3;4). MMeem
y' =3x” —6; pelnas ypaBHeHHe 3X°-6=0, moayuaeM x, = —/2,x, =+/2..
OTH TOYKU MIPUHAJICKAT TaHHOMY OTPE3KY.

Breruncnum 3naueHns QyHKIMN B KPUTHUECKUX TOYKAX:

¥(=2) = (—v2)’ = 6(—2) =242 + 652 = 442

yW2)=(2)' 632 =242 - 612 =442

2°. HaxommM 3HaueHust (hyHKIMM Ha KOHI[AX OTpeska: y(—3) =—9, y(4) =40.

0
3". CpaBHuBas 3HaYeHUS (PYHKIIUM B KPUTHUECKUX TOYKAX M €€ 3HAYCHUS Ha KOHIIaX

OTpe3Ka, 3aKII0YaeM, 4To y =-9 ABIIAETCS HAMMEHbIINM, a =40 — HanOOJIbIINM 3Ha-
yeHreM (yHKIIMU Ha YKa3aHHOM OTpPE3Ke.

Ipumep Ne2. Haiiti HanGoIbIIIee ¥ HANMEHBIIEE 3HAYCHUS (BYHKIMH y=2X-6X+5
Ha oTpeske [—5/2, 3/2].

Pemenue.

1°. HaxommM KpUTHUYECKHE TOUKH, IPUHAIIEKAINE HHTEpBaLy (—5/2, 3/2):
f'(x)=6x> —6=06(x> -1);
6(x> —1)=0,x, =—1,x, =1.

Boeruucnum 3nadeHust GyHKIIUA B 3TUX TOUKAX:

FED=2(=1)" —6(-1)+5=9;

f)=2%1-6*1+5=1

2°. Beruncimm 3HaueHns GYHKIMN HA OTPe3Ka:

-
-4



3°. Takum 06pa3oM, HaHGObIIEe 3HAYCHHE JAHHOH (DYHKIHU Ha pac-

5 1

cMmarpuBaeM otpeske ecthb f(—1) =9, a naumensmee f (— 5) =-1 IZ

. [locmoTpuTE HAa PUCYHOK HUIKE.

g

5 Fix)=2x7-6x+5

IIpumep Ne 3. HaiiTu HanOosbliiee M HAUMEHbIEe 3HAaYEeHHS (PyHKITH y=x5—5x4+5x3+3
Ha oTpeske [-1;2].
Pewenue.
1°. HaxomuM KpuTHYECKHe TOYKH, NpHHAMIEeKaImue uateppany (-1,2), u 3Haue-
HUSI PYHKIIMH B 3TUX TOUKAX:

¥y =5x" —20x° +15x7;
5x* =20x* +15x2 =0
5x%(x* —4x+3)=0;

x,=0,x,=1Lx;=3

Kputnueckas Touka x, =3 HE NPUHAUICKUT 33JJaHHOMY OTPE3KY.
Boruucnsiem 3HaueHUsT QYyHKIMU B IBYX JIPYTUX KPUTHUIECKUX TOUKAX:

Y03, y(1)=4.

2°. BoluncinM 3HaueHMs QYHKIMH HAa KOHI@AX 3aJaHHOTO oTpeska: y(-1)= -8;

y(2)0=-5-
3".CpaBHUBail MOJYYCHHBIC PE3YyJIbTAThl, 3aKII0YAEM, UTO HAMOOJbIIEEe 3HAUCHUE

dynxuun y(1)=4, Haumensiee y(-1)= -8.
IIpumep Ne4. Haiit HanOoJibIliee U HAUMEHBIIEE 3HAYECHUST (PYHKIIUU y:X—Z\/;
Ha otpe3ke [0;4].
Pemenue:
1°. a). Haitnem npousBomnyio ' :

1

1
y' = 1-2-(#} :1—2%.x2 S S T L

0). HalineM kpuTnyeckue TOUKHU (TOYKH, B KOTOPBIX MPOU3BOAHAs paBHa () uiun
HE CYIIECTBYET):



3HAYUT KpUTHYECKUEe TOUKH X; =1,x, =0,
x, =1 npuHaIIEKUT 3anaHHOMy uHTepBay (0;4).
B). Haiinem 3HaueHune GyHKIMHU B TOUKe X, =1:
y(1)=1-24/1=1-2-1=1-2=—1.
2°. Haiizem 3HaueHns (DyHKIMH HA KOHIIAX OTPE3Ka:
y(0)= 0-2/0=0-2-0=0-0=0,
y(4)= 4-2J/4=4-2.2=4-4=0.
3°. BeiGepeM U3 MONy4EHHBIX 3HAUCHHIT HANOObIIICE M HANMEHBIIEE:

y(0)=0, y(4)=0- nanbomnpiee 3HaueHUe GYHKIIUU HA 3aJaHHOM OTPE3KE,
y(1)=-1- HauMmeHbllIeE 3HaUeHHE (PYHKIMU Ha 3aJJaHHOM OTpPE3KE.

IIpumep Ne5. Haiiti HauGoJIbIIIce M HAMMEHBINeE 3HAYeHUS QYHKIMA y= X +3 Ha
otpeske [-3;1].

Pewenue:

1°. a). Haiinem npousBoaHyio ' :

!

, ( ‘J 1 L . 1 1
V=l(x+3)? | == (x+3)? =—-(x+3) 2= = .
2 2 2+ 32 24x+3
0). Haiinem kpuTnueckue TOUKH (TOUKH, B KOTOPBIX MPOU3BOAHAs paBHa 0 miu
HE CYIIECTBYET):
! =0
24/x+3
x # 3.
3HAYUT X=-3- KPUTHYECKAs TOUYKA.
X=-3 HE NPUHAICKUT uHTEepBaty (-3;1).
2°. Haiizem 3HaueHns (yHKIMH Ha KOHIIAX OTPE3Ka:

y(-:3)=V-3+3=0,
y(1)=V1+3=2.

0 .

3". BriGepeM 13 Mosy4eHHbIX 3HaYE€HU HanOoJIbllee U HauMEHbIIIEe:
y(-3)=0- HaumeHnblIee 3HaUeHHE (PYHKIMU Ha 3aJaHHOM OTpPE3KE,
y(1)=2- mHanbobIiee 3HaUCHUE (PYHKITUU HA 33JJaHHOM OTPE3KE.




2
o 3
Lpumep No6. Haittu HanboJibIliee ¥ HAaUMEHbIIIee 3HaYeHHU s (QYyHKITUH =3 X" +— Ha
X

1
OTpE3KE {5;2} .
Pemenmue:
1°. a). Haitnem npousBoauyio ' :

4 2 2 —1\r —1- -2 2 2
h% 25-3-x +2-(x) =2x" +2-(-D)-x" =2x"-2-x =2x .z

0). Halinem kpuTndeckue TOUKH (TOYKU, B KOTOPBIX MPOU3BOIHAs paBHa () wiu
HE CYIIECTBYET):

2x2—%20
X
4_
2 =2 _ 0,220,
X
2x*=2=0,
xt=1=0,

xt =1,
x, =—lLx,=1

3Hauut X =-1, X,=1, X3=0- KpUTHYECKUE TOUKHU.
1
x;=-1, X3=0- HE mpuHaIEKAT 3aJaHHOMY UHTEPBAILY (E;Zj,

X,=1- IpUHAJIEKUT 3aJTAaHHOMY UHTEPBAITY.
B). Haiinem 3Hauenue QyHKIMH B TOUKE X,=1:
2 2 2 2
N==1P+===4+2=2=,
y= 33 3

0 )
2". Halinem 3Hauenus GyHKIIMHM Ha KOHIIAX OTpe3Ka:

3
AL 22 () 22 s Ly
2) 3 2) 1 38 34 12 12
2
W2)=2.0042 2 g 10, 1683 D01
377273 3 3 3 3

0 .
3". BeibepeM 13 MoTyueHHbIX 3HAaUeHUI HauOOoJIbIlIee U HAaUMEHbIIIEe:

2
y(1)=2§ - HAaMEHbllIee 3HaUeHHe (PYHKIMU Ha 3aJJaHHOM OTPE3KeE,

1
y(2)=6§ - HanOoJblllee 3HaUeHHEe (PYHKIIMU Ha 3aJJaHHOM OTpPE3Ke.

Ipumep Ne7. Haiitn HauGoJIbIlIee ¥ HANMEHBIIIEE 3HAYECHUS QYHKIUN y = 3X — e Ha
orpeske [0;1].
Perenue:
1°. a). Haiizem nponsBoguyo ' :

y' =3-3e™



0). Halimem kpuTHdecKkre TOUYKHU (TOYKH, B KOTOPBIX MPOU3BOIHAs paBHa () min
HE CYIIIECTBYET):
3-3¢7 =0
1-e™ =0
e =1
e3x — €0
3x=0
x=0¢(0,1)
x=0- KpuTHYECKas TOUKA.
2°. Haiinem 3HadeHust QYHKIMH Ha KOHIIAX OTPE3Ka:
y(0)=3-0-e* =0-¢’ =-1,
y()=3-1-e"' =3-¢",
3°. BoiGepeM 13 MONYYCHHBIX 3HAYCHH}T HAMOOIbIIICE I HANMEHbIIICE:
y(1) =3-¢’ - naumensInee 3HaueHNe HYHKIMN HA 3aIaHHOM OTPE3KE,
¥(0) =—1- Hanbosnpliiiee 3HaYeHUE (PYHKIIUU HA 3aJJaHHOM OTpPE3KE.

IIpumep No8. Haiiti HanGombIlee ¥ HAMMEHbIIEE 3HaUeHUs QYHKIMM y = X In x —Xx

1
Ha OTpe3Ke {;;e} .
Peenue:
1°. a). Haiinem npousBonHyio ' :

y':(xlnx)'—(x)':(x)'lnx+x(lnx)’—1:]nx+x-l—l:lnx+1—1:]nx
X

0). Haitnem kputnueckre TOYKU (TOUYKH, B KOTOPBIX MPOM3BOAHAS paBHA 0 MiIu
HE CYIIECTBYET):

Inx=0
Inx=Ine’
Inx=1Inl

lee(l;ej
e

x=1- KpuTHUYECKasl TOUKA.

B). Haiinem 3naueHue GyHKIMU B TOUKE X=1:
y1)=1-In1-1=1-0-1=-1.

2°. Haiinem 3HaueHus (yHKIHMM Ha KOHLIaX OTpe3Ka:
y(l):l.lnl_l:l.]nel SO DS U S

e)] e e e e e e e e e e
y(le)=elne—e=e-1-e=e—e=0.
3°. BoiOepeM 13 MONYYeHHBIX 3HAYCHHIT HANOOIbIIIEE i HANMEHbIIIEE:

1 2
y(—j =—— - HauMEHbIIIee 3HaUeHue (PYHKIIUU Ha 3aJJaHHOM OTpPE3Ke,
e

y(e) =0- manbonpiiee 3HaUeHHE (PYHKITUU HA 33JJaHHOM OTpPE3KeE.



Lpumep No9. Haiitn HanOobIlIee M HAMMEHbIIIeE 3HaYeHU ST (DYHKIUH
y=5sin x +5¢c0s X Ha orpeske [0;7T] .
Pemenmue:
1°. a). Haitzem npousBomnyio ' :
y' =5cos x—5sin x,
0). Halinem kpuTudeckre TOUYKH (TOYKH, B KOTOPBIX MPOU3BOIHAs paBHa ()

WU HE CYIIECTBYET):
Scosx—5sinx=0

cosx—sinx=0
1-1gx=0
tgx =1

T
X=—+m,nez
4

T
n=0,x= 1 e (0;77)- KpUTHYECKas TOUKA.

T

B). Haiinem 3Hauenue QyHKUINUU B TOUKE X = 4

5@4_5@:5\/54-5\/5:10\/5:5\/5
2 2 2 2 2

y Zl=5-sinZ+5c0s > =
4 4 4

2°. HaiiieM 3HaueHns (yHKIMM HA KOHI[AX OTpE3Ka:
y(0)=5sin0+5c0s0=5-0+5-1=5,
y(r)=5sinz+5cosz=5-0+5-(—1) =-5.
3°. BeibepeM U3 MONy4eHHBIX 3HAUCHHH HanboIbIIee U HAMMEHBIIIEE:
y(7)=-5 - naumensbluee 3HaYeHNEe QYHKIUU HA 33JaHHOM OTpPE3KE,

T
y(zj =52 - panbonbinee 3HAYCHHE (yHKUIMU Ha 3aJIaHHOM OTpE3KE.

IIpumep Nel(. Haiitu HauboIbIIee U HAUMEHbILIEE 3HAYECHUS (PYHKIUU

: 7
y=28In x+c0s 2x Ha oTpeske [025} :

Pemenne:
1°. a). Haitzem nponsBognyio ' :
y'=2cosx—2sin2x,
0). Halimem kputrnyeckne TOUYKHU (TOYKH, B KOTOPHIX MPOU3BOIHAS paBHa ()
WJIM HE CYLIECTBYET):



2cosx—2sin2x=0
2cosx—4sinxcosx =0
cosx—2sinxcosx =0
cosx(1-2sinx)=0

1-2sinx =0,
cosx =0,

) ) 1
—2sinx=-1,sinx=—,
x=2m,ne z. 2

n=0,x=0¢[0;£j x=(—1)"£+7zn,nez
2 6

T
x, =0,x, = — - KpUTHYECKNE TOUKHU.
6

NN

B). Halinem 3Hauenue pyHKIMM B TOUKE X =

1 1
y 7= 23in£+cos(2-£) = 2-l+cosz =1l+—=1—.
6 6 6 2 3 2 2
2°. Haiinem 3HageHus (GYHKIIMY Ha KOHIIAX OTPE3Ka:

y(0)=2sin0+cos(2-0)=0+1=1,
W Z|=2sinZ +cos(2-Z)=2-1+cosz=2-1=1.
2 2 2
3°. BoiGepeM 13 IONYYCHHBIX 3HAYCHHIT HAMOOIbIIICE I HANMCHBIIICE:
T
y(0)=1, y(aj =1 - HauMeHblIee 3HaYeHUE (PYHKIMH HA 3aJaHHOM OTPE3KE,

1

T
y(gj = 15 - HanOoJbllIee 3HaueHUEe (PYHKIIMU Ha 33JaHHOM OTpPE3KeE.

X00 evinonnenusn padoomol:
1. BeImomHuTh 3a7aHus IO BapuaHTaM, UCIOJIb3Ys TIPU HEOOXOIUMOCTH METOIU-
YECKHUE YKa3aHUSI.
3aoanus:
Bapuanr 1:

Haitnute Haubosblliee 1 HAaMMEHbIIee 3HaYeHUEe (PYHKIIMU Ha OTPE3Ke:
1). f (x)=2x"+3x>-36x, [-4;3],

2).f (x)=x3+% , B;z} ,

3). £ (x)=x-X , [0:4],



4). f (x)=Inx-x, F;e}
e
5). f (x)=2sinx+2cosx, [0;m].

Bapuanr 2:
Hatimute HanbompIiee 1 HAaMMEHbBITIEe 3HaYeHNE QYHKIIUN HA OTPE3KE:

1). f (x)=2x+3x°-36x, [-2;1],

1
2). £ (=2 +, [-2:4],

3). f (x)=sin x +cos x,{z;z} ,
4 2

4). f (x)=x+e™, [-1;1],

5). f (x)=V1—x"[0:1].

Bapuanr 3:
Haitnute HanboJiblliee 1 HAMMEHbIIIee 3HaYeHUE (PYHKIIMU HA OTPE3KE:
1). f (x)=x*-8x*+5, [-3;2],

1
2) f (X): X+ ; ) [_2;_0’5]’
3). f(X)=+vx+5, [-1:4],
: V4

4). f (x)=—sin x —cos x, {0; 5] ,
5). f (x)=2x - ™, [0:1].

2.1IpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aLIUTE MPAKTUIECKOM padoTe.
3alIUTUTD BBITTOJIHEHHYIO padoTy.
Bonpocwut 014 3auumeot:

1. Chopmynupyiite onpeneneHue Tporu3BOTHOM.

2. Kak HaliTh 3Ha4Y€HUE TPOU3BOJHOM?

3. JlaiiTe MOHATHE ONPENEIIUTEINS MATPULIBL.

4. OOBACHHUTE ANTOPUTM HAXOXKACHUS HAUOOJBIIEr0 1 HAMMEHBIIETO 3HaYEHUs

GYHKIIUM HA OTPE3KeE.
5.Yemy BBl HAYUYUIIUCH TP BBIMOJTHEHUU IPAKTUIECKOM pabOTHI?

IIpakTnueckas padora Ne 8

Tema: HUccaenoBanve (PyHKIUI HA MOHOTOHHOCTH, TOYKH IKCTPEMYMa, BBINMYK-
JIOCTh, BOTHYTOCTb.

Llenv: HaydMTbCS OMPENENSATH C MOMOIIBIO MPOU3BOJAHON MPOMEKYTKM MOHOTOHHO-
CTU (PYHKIUU, TOYKU DKCTPEMYyMa, IPOMEKYTKU BBIMYKJIOCTH, BOTHYTO-
CTU QYHKLHUU.

Kpamxue meopemuueckue ceedenusi:



e Bospacranue u yobiBaHue QyHKIMA
e HccaenoBanue (PyHKIHUH HA IKCTPEMYM € IOMOLILIO IEPBOI MPOU3BOAHOH
e BOr"yrocrb, BHINYKJIOCTh. TOUuKkM neperuda

1. Bo3pacranne u yobiBanue pyHKIMI.

IlonsiTHe MPOU3BOAHON - OAHO U3 BakHEHIMX B maremaTuke. C MOMONIbIO
IPOU3BOJAHOMN, YUUTHIBAs €€ MEXaHUUECKUM CMBICT (CKOPOCTh U3MEHEHUSI HEKOTOPOTO
MpoIiecca) U TeOMETPUUSCKHUI CMBICT (YTI0BOM KOA(PGHUIIMEHT KacaTeIbHOW), MOKHO
pelaTh caMmble pa3Hble 3aJaud, OTHOCALIMECS K JIF0OOM 001acTh 4enoBEYECKOM aes-
TEJBHOCTH. B 4acTHOCTH, C MOMOIIBIO MPOU3BOAHBIX CTAJO BO3MOYKHBIM HOJPOOHOE
uccienoBaHue (PyHKIMN, YTO MO3BOJHIO OYEHb TOYHO CTPOUTH UX TpaduKH, HAXO-
IUTh UX HAMOOJIbLINE U HAUMEHBIINE 3HAYCHUS U T. JI.

[To3HakOMUMCSI C OCHOBHBIMH HJESIMU, CBSI3aHHBIMU C HMCCIEIOBaHUEM (PYHK-
umit. Jlns 3Toro paccMoTpuM rpaduk, Kakoi-HuOyap GyHkmuu y = f(x),x € (a,b) (pu-
CYHOK 1)

VHTYUTUBHO SCHO, Y4TO B UHTEpBaNax (a,x,) u (x,,b) maHHas QyHKIMS BO3pac-

TaeT, a B MHTEpBaie (x,,x,) - yObIBaeT.

? y = fix)

Pucynok 1

Onpenenenue 1. Oyuxuus y= f(x) Ha3bIBaeTCS BO3PACTAIOUIEH B HEKOTOPOM
WHTEpBaJe, €CIU 3TOT0 WHTEpBaja OOJbIIEMY 3HAYCHHIO apryMEHTa COOTBETCTBYET
Oonpliee 3HaYeHUE (QYHKIMH, U YOBbIBAIOLIEH, €Ciii OOMbIIeMy 3HAUCHHIO apryMEHTa
COOTBETCTBYET MCHbIIICE 3HAUCHHUE (DYHKITHH.

CoriacHO OIpeNeNeHUuI0 BO3PACTAIONICH HAa HEKOTOPOM HWHTEpBae (PYHKIUH
MMEEM: €CIIH X, > x,, TO f(x,)> f(x,); ecim ke x, <x,, 10 f(x,)< f(x,). Orcroma cnemy-

€T, uTo eciu x, —x, >0, 10 f(x,)— f(x,)>0, aecmm x, —x, <0, 10 f(x,)— f(x,)<O0.



Onpenesenne 2. MHrepBanbl, Ha KOTOPBIX (YHKIMS BO3PACTACT WUIIH K€ YOBI-
BACT, Ha3bIBAIOTCA MHTEPBAJaMH MOHOTOHHOCTH (DYHKIWH, a cama (YHKIHUS Ha3bIBa-
€Tcsl MOHOTOHHOW Ha 9THX MHTEpBaJIax.

IIpu3Haku Bo3pacTaHusi M yObIBaHUA (PYHKIUM:

Ecnu npousBoguas GpyHKuus y = f(x) monoxurensHa (OTpULATEIbHA) B HEKO-
TOPOM HHTEpBaJie, TO (GYHKIHUS B STOM HHTEpBaJle MOHOTOHHO BO3pacTaeT (MOHOTOH-
HO yOBIBaer).

[Toka3zatsk, 4To GyHKIUS y = 2x> +3x> —12x+1 yOBIBAa€T Ha UHTEpPBATIE (—2,1).

Pemenune: JloctaTrouHo yOeauThCs B TOM, YTO IMPOW3BOAHAS (YHKUHUS TIPH
—2<x <1 orpurarensia. Haxomum y' = 6x” +6x—12 = 6(x+2)x—1).

PemmB ypaBHeHue y’ =0 moiydyuM x=-2 U x =1

.~ .

/2\1/ X

MHoOXuTEND x+2 Ha MHTEPBAJIC (— 2,1) MOJIOJKUTEICH, @ MHOXKUTENb x—1 OTpH-
LIaTeJICH. 3HAYMT, IIPOU3BOJIBHAS BO BCEX TOUKAX YKA3aHHOT'O MHTEpPBAJIA OTPUILATEb-
Ha, cieoBaTeNnbHO, GyHKIUs yobiBaeT. OTBET: mpu - 2{x{1 GyHKIIUs yObIBAECT.

MpbI yCTaHOBWIIM, YTO MHTEPBAJIBI BO3PACTAHUS WM yObIBaHUS (YHKIIUU COBIIA-
JAI0T C UHTEPBAJIaMH, B KOTOPBIX MPOU3BOHAS 3TOW (pyHKIMHU coxpaHseT 3Hak. Cie-
JIOBATENIbHO, MEPEX0/l OT BO3pacTaHUs K YOBIBAHUIO WM OOpAaTHO BO3MOXKEH JIUIIb B
TOYKaXx, IJ1€ NPOU3BOAHAS MEHSET 3HAK. TaKMMU TOUKAMU MOTYT CIIY’KUTh TOJBKO Ta-
KM€ TOUKH, B KOTOPBIX f'(x)=0, a TakKe TOUKH pa3phIBa.

[ToaTOMy MHTEpBaibl MOHOTOHHOCTH Mbl MOJyYHUM, €CIU pa3lesiuM 00JIacTh
onpeneneHuss GyHKIMKA HA YaCTH, TPAHUIIAMH KOTOPBIX CIIY>KaT T€ TOYKH, B KOTOPBIX
f'(x)=0, n TouKH paspeiBa.

CxeMa HAXO0K/IeHHsI HHTEPBAJI0B MOHOTOHHOCTH QyHKIMH f(x):
1) Boruuciusror npou3Boanyro f'(x) qaHHON QyHKIUH.
2) HaxopmsaT TOYKH, B KOTOPEIX f'(x) paBHA HYIIIO WM HE CYIIECTBYET. DTH TOUKH

HAa3BIBAIOTCS KPUTHYECKUMH Uit QyHKIMHU f'(x).



3) HaiizeHHbIMM TOUKaMK 00JacTh onpeneiaenus Gpynaxkuun f(x) pa3Ousaercs Ha
VHTEPBAJIbI, HA KOTOPOM M3 KOTOPBIX NPOM3BOAHas f'(x) coxpaHseT CBOH 3HaK. DTH
WHTEPBAJIbI SBJISIIOTCSI HHTEPBAJIaMU MOHOTOHHOCTH.

4) Hccnenyror 3Hak f'(x) Ha KaXIOM U3 HalIEHHBIX MHTepBanoB. Eciau Ha pac-
cMaTpuBaeMoM MHTepBane f'(x)>0, To Ha 3TOM UHTepBaie f'(x) BO3pacTaer, eCiu xKe

f'(x)<0, To Ha TakoM uHTEpBaNE f'(x) yOBIBAET.

3aoaua I:

Hatimu: vaTEepBaIbl MOHOTOHHOCTH CIICAYIOMEH QYHKITUH y = x° —4x +1

Pewenue:
1. Haxoaum npou3BOJHYIO JaHHON PYyHKIUU y' =2x—4.
2. Haxoaum KpuTHYECKUE TOUYKH PYHKIUU: 2x—4=02x=4;x=2.

3. O6nacth onpenenenns GyHKIUN (—oo;00) pa3OMBaeTCs HAa MHTEPBAIbI (—o0;2)

u (2; oo)

s 2 —

4. Ha wnrepsane (-o;2) umeem y' <0. CienoBareibHo, Ha MHTEpBAIE (- o0;2)

(GyHKUMS yOBbIBAET.

Ha unrepBane(2;0) uMeem y' >0. 3Ha4uT, HAa HHTEpBaNe (2;00) QyHKIUS BO3-

pacraer.

3anava 2:
Hatimu: vaTEpBaIbl MOHOTOHHOCTH CJISAYIOMIEH QYHKITUH y = x° —3x°.
Pewenue:
1. Haxoaum npou3BOAHYIO JUIMHHOW PYHKIMK y' =3x” —6x.
2. Haxomaum kpuTHYEeCKHE TOUYKH PYHKIUU 3x° —6x =0; 3x(x—2)=0
x, =0,x, =2.
3. OGmacte ompenenenus (yHKIUH (—ooj00) pa3OMBaeTCs HA HMHTEPBAIBI

(— oo;O), (0;2), (2; oo).



+ - +

4. Nmeem: f'(-1)=3(-1] —6(-1)=9>0, ciemoBareiabHo, B UHTEpBaie (—o0;0)
¢ynkimsa Bospacraer; f'(1)=3(1)-6-1=9<0, 3Hauur, B uHTepBayne (0;2)
Gynkuus yosiBaer; f'(3)=3(3)-6-3=9<0, modTOMYy B HHTEpBaie (2;00)
(yHKIHS BO3pacTaer.

2. HUccaenoBanne QYHKIHM HA YKCTPEMYM ¢ NOMOIIbLIO IEPBOil MPOM3-
BO/ITHOM.

Omnpenenenune. Touka x=a Ha3bIBa€TCd TOYKOM MaKCUMyMa (MHUHUMYyMa)

(Gynxuunm f(x), ecnmm wuMeer Mecto HepaBeHCTBO f(a)> f(x) (COOTBETCTBEHHO

f(a)< f(x)) mist IOGOrO x U3 HEKOTOPON OKPECTHOCTU TOUKU X =d.

Eciu x=a - Touka MakcuMyma (MUHMMyMa) QYHKIMU f(x), TO TOBOPAT, YTO
f (x) uMeeT MaKCUMyM (MUHUMYM) B TOUke X = d .

MakcuMyM U MUHUMYM (DYHKIIUU OOBEIMHSIIOT HA3BAHUEM 3KCTpPEMYM (yHK-
[IMU, & TOYKM MaKCUMyMa W MHHHMYMa Ha3bIBaIOT TOYKAMU JKCTpeMyma (IKCTpe-
MasibHbIE TOUKHM). Ha pucyHke X; 1 X3 - TOYKH MakCUMyMa, TOUKH X, U X4 — TOUKH
MUHUMYMaA.

He cnenyet cuutarh, 4To MakCUMyM (DYHKIIMU SIBISIETCSI HAUOOJBIIUM 3HaUe-
HUEM
BO Bcel oOJsiacTu ompenesieHus: 3ToM (YHKIIMU; OH SIBJISIETCS. HAUOOJIBIIUM JIUIIb 1O
CPaBHEHUIO CO 3HAUEHUSMHU (PYHKIIMH, B3SITHIMU B HEKOTOPOH OKPECTHOCTH TOYKH
MaKCHUMyMa.

Ha nannoM mHTepBasie (pyHKIHS MOXKET MMETh HECKOJIbKO MaKCHMyMOB H He-
CKOJIBKO MUHUMYMOB, MPUYEM HEKOTOpPHIE U3 MAaKCUMYMOB MOTYT OBITh MEHBIIIE HE-
KOTOPBIX MUHUMYMOB.

U3 pucyHka BHIHO, 4TO 3HadeHHE f(x,), IPeACTaBisiomee COO0M MaKCHMyM

(Gynkuun f(x), He ABIAETCA HAMOOJIBIIMM 3HAYEHHEM OTOW (DYHKIUM Ha MHTEPBAJIE



(a,b) u, 6onee Toro, f(x,) MEHbIIE YEM 3HAYEHHE fix,), ABISETCA MUHUMYMOM JAHHOM

byHKIIH.

AHEIJ'IOFPI‘IHO, MHUHUMYM (I)YHKHI/II/I HE 00s3aTeIbLHO ABIIETCS HAUMEHBIIINM 3Ha-

YEHUEM JIAaHHOU (PYHKIIUH.

TeopemMa (0CTaTOUYHBIN MPU3HAK IKCTPEMYMA).

Ecnu npounssognas f'(x) mpu mepexone X vepe3 @ MeHSET 3HAK, TO  SABISET-

s TOYKOM dKkcTpeMyMa QyHKIuM f(x).

Cxema HcCae10BaHusA QYHKIMH HA IKCTPEMYM:

1. Haxomum npoussoanyio f'(x).

2. Haxomum Bce KpUTHYECKUE TOUKHU U3 00JIACTH ONpPeaeIeHUs QYHKINHM.

3. YcranaBivBaeM 3HAKM IPOU3BOJHON (DYHKIMH IIPU MEPEXOME YEPE3 KPUTHYE-
CKHE TOYKH U BBIIUCHIBAEM TOYKH DKCTPEMYMA.

4. BoruncisieM 3HaueHus QYHKIUU f(x) B KQKI0M SKCTPEMAIBHOM TOUKE.

3aoaua 1.
HccnenoBanue Ha SKCTPEMYM ClIeAyIOmne QYHKIMHA: y=x" +2.

Pewenue:

’
1. Haxoaum npou3BOJHYIO: y' = (x2 + 2) =2x.
2. IlpupaBHuBaeT €€ K HyIt0: 2x =0, OTKyJa x =0 - KpUTHYECKAs TOUKA.
3. OmnpenensieM 3HaK IMPOU3BOJHOM MpPH 3HAYEHUM x <0, Hanmpumep x=-1:

Vi =2:(-1)=-2

s
v

4. OnpenensieM 3HaK TPOU3BOJHOM NpH x >0, HAPUMEDP NpU x=1:y' =2-1=2.
Tak xak npu nepexone yepe3 x =0 IPOU3BOIHAS U3MEHSIET C MUHYCA HA ILIIOC, IIPU
x =0 pyHKIHUI UMEET MUHUMYM.

5. Haxonum MHHHUMAaJIBHOE 3HaYeHHUE QYHKIINH, T.€. f{0)=0" +2=2.

Omeem: x =0 - TOUKAa MUHUMYMA, f{0)=2- MUHUMYM.



3. Boruyrocrtb, BLINYKJI0CTH. ToukHU nmepernoa.

Onpeue.ue}me: KpuBasi Ha3bIBACTCA BBIHYKHOﬁ B TOYKE x=a, €CJIN B HGKOTOPOﬁ

OKPECTHOCTH JTOM TOYKH OHA PACIIOJIOKEHA T10]] CBOEH KacaTebHOM B Touke (a; f(a));
Teopema. Eciu BTopas npousBoanas GpyHKIUM y = f(x) B JaHHOM IPOMEIKYTKE

IMIOJIOKUTCIIbHA, TO KPpUBAaA BOTHYTa B 3TOM IIPOMCIKYTKE, a CCIM OTpUIATCIIbHA, TO

BBIITYKJIasd B 9TOM IIPOMCIKYTKC.

Y y
Sa)
fla)
0 a X 0 a X
KpHuBast BblITyKJiasi KpuBasi BOTHYyTast

y'<0 y'>0

Cxema HaXO0KICHUSI HHTEPBAJIOB BBINYKJIOCTH rpaguka GpyHKIMU:

1. HaxoasT BTOpYIO IpOM3BOAHYIO (PYHKIMH M TOYKH, B KOTOPBIX OHA paBHa
HYJIIO WIH HE CYLECTBYET.

2. OnpenensitoT UHTEpBaJbl, HA KOTOpbIE 00JacTh omnpeneiaeHus GQyHKIUU pas-
OuBaeTCsl HalJEHHBIMH TOYKAMHU.

3. YcTaHaBIMBAIOT 3HAKU BTOPOW MPOU3BOJHOW B KaXKIOM M3 YKA3aHHBIX WH-

Tepsanos. Ecim y"(x) <0, To Ha paccMaTpUBaEMOM MHTEPBAIle KPUBasl BBITYKIIAS €CIIH

y"(x)>0 - Borayra.

3aoaua I:

Hccrneoosams Ha BRITYKIIOCTh M BOTHYTOCTD KPUBYIO y = x° — x

Pewenue:

1. Haitnem BTOpYIO MPOU3BOAHYIO: y' =2x—1;y"=2. Tak Kak BTopas npou3BOA-

Hasl TOJIOKUTENBHA, TO KpHBasi BOTHYTA Ha BCEH 001acTH onpeaeseHust (—oo;00).

3aoaua 2:

Onpedenumsp BBITYKIOCTh KPUBOH y = x° .

Pewenue:



1. Haiinem BTOpYyIO TpOM3BOAHYIO: y'=3x’;y"=6x. OHa paBHa HYJIIO B TOUKE

2. Touka x=0 pa3ouBaeT oONACTh ompeneicHUs (QYHKIMM Ha WHTEPBAJbI

(—0,0),(0,00).

v— y

N 0

3. YcnoBueM BBITYKIOCTH KpHBOM sBiserca f"(x)<0. Torma 6x<0,x<0, T. €.

KpHUBas BHIIYKIIA B HHTEPBAIE (—00,0).

3aoaua 3:
Hatimu Touku nepernda KpuBoi y = x’ —6x° +4.
Pewenue:
1.y’ :(x3 —6x° +4)/ =3x" —12x
v =(3x* —12x) =6x-12
y” =0, ecim 6x-12=0

6x=12
x=2

v y/ /

R T N

ecmn x{(2,T0 y”’ {0, KpuBas BBIMyKJas;

eci x)2,To y” )0, KpuBasi BOTHYTasl.
Utak, pu Mepexojie Yepe3 TOUKy x=2 BTopas mpomsBogHas y” (x) meHser
3Hak. CrenoBaTebHO, KpUBasi UMEET TOUKY neperuda, adcuucca KOTOpor paBHa 2.
[ToncraBisis B ypaBHEHHE KPUBOW y=x’'—6x"+4 x=2, MOIy4UM OpAUHATY
TOYKH y =2’ —6-2° +4=-12.
Urak (2; -12) — Touka neperuoa.
Xo00 evinonnenusn pabomot:

1. BeimomHuTh 3aaHus IO BapuaHTaM, UCIOJIB3Ys TIPU HEOOXOIUMOCTH METOIU-
YECKHE YKa3aHUsl.



BapuanTt Ne 1:
e Hauitu mpomMeXyTKru MOHOTOHHOCTH:

l. y=x>-6x+5

2. y=x-3x"+1

1
3. y=—x'—x+1
YT

4. y=2x"-9x> +12x-15

e HccnenoBaTh GyHKITHIO HA SKCTPEMYM:
1. y= X —x
2. y=x"+8x+12

3. y=-2x"+x+1

4. y=2x"—x

Bapuant Ne 2:

1. y=2x>—4x+5

2. y:—lx3+lx2+2
3 2

3. y=x"—4x+3

4. y=-2x"+15x>—26x+20

l. y=x"-3x
2. y=x"—4x-3

3. y=—x’—x+6

1
4, y=——x"+8x
Y 4

e Haiitu HHTCPBAJIbI BBIITYKIIOCTH U BOTHYTOCTHU KPHUBLIX:

l. y=x"—12x*+3x

2. y:ix4 NI S
12 16

3. y=x'—4x* —2x+1
4. y=12x"-12x7
e Haiitu Touku neperuda:
1
. y==x"-x
Y73

2. y=2x"-3x>—4x+9

3.y=x"—12x" +54x* - 50

1. e=—x*+3x%

2. y:—lx4 +§x3 +4x°
4 3

3
3. y=x"-x"—4x
TR

4. y=3x"-5x+1

. y=x"+3x>-5x-6

2. y=x"—12x" +48x> -50

1
3. y=—x'—x’
"6

2.IIpuroToBUTH YCTHO OTBETHI HA BOTIPOCHI K 3aITUTE MPAKTHIECKOM padoTe.

3alUTUTh BHITIOJTHEHHYIO PadoTy.
Bonpocwut 014 3auumeot:
1. O6nacth onpenenieHust GyHKIUH.

Al

[ToHsiTHE YETHOCTU U HEYETHOCTU (DYHKIIUH.

[IpaBuna HaXOXACHUS TOUYEK MepeceyeHus] PYHKIUU C OCSIMU KOOPUHAT.
Knaccudukanus Touek pa3pbiBa QyHKIUY.

Bubl acuMOTOT U NpaBuiia X HaXO0XKJICHUS.



6. ANTOpUTM UCCIEA0BaHMS (PYHKIIMM HA MOHOTOHHOCTb M TOUYKH IKCTpPEMyMa.
7. Btopas npou3BogHas U ee MPUMEHEHUE sl UcClieIoBaHus rpaduka QyHKIIUH.

IIpakTuyeckas padGora Ne9.
Tema: UccaienoBanne U NOCTPOEHHE ICKU30B rpa¢ukoB GyHKUMH € IOMOLIbIO

NPOU3BOTHOM.

L]env: oTpaboOTaTh MOHITHE TOYCK Pa3pbIBa; HABBIK HAXOXKICHUS aCUMIITOT Pa3IMYHBIX
BUJIOB JJI OCKH3a Tpaduka; MpUMEHSITh 3HAHUS 110 TTIOCTPOEHUIO rpaduka He-
MIPEPHIBHON (HYHKIIUU.

Kpamkue meopemudecKkue CB8ECOCHUSL:

CxeMa uccnenoBanusi GyHKITUH:



OTOT IUIaH UccieqoBaHus (DYHKIMH SIBISETCS TPUMEPHBIM, MOKHO MEHATH MOPSI0K
IIYHKTOB, HEKOTOPbIE COBCEM OIYCKaTh, €CIIM OHU HE MOAXOJAT K JAHHON (PYHKITUH.

1. Haiitu o6macTh onpenenenust GyHKIIMU

2. BuIICHUTH 0COOBIC CBOMCTBA (I)YHKIII/II/Il YCTHOCTb, HCYCTHOCTL, IICPHUOAMN Y-

HOCTb

3. Haiitu Touku nepeceueHus rpapuka GyHKIIMU C OCIMHU KOOPAUHAT

HaiiTu Touku pa3pbiBa 1 aCUMIITOTHI rpaduka QyHKIIUH.

A

pO¥i IPOM3BOTHON U TOYKHU NEperuoa.
7. TlomyyeHHbIE TaHHbBIE 3aHECTU B TaOIUILY.

8. JlomoaHUTEIbHBIE TOYKU

9. Ha ocHOBaHMUM IPOBEIEHHOI'O UCCIIEA0BAHMS OCTPOUTH rpaduK PyHKIIUU

IIpumepl:
WccnenoBath QYHKIHIO y = X° —6x” +9x —3 1 MOCTPOUTH ee Tpaduk.
Pewmenue:
1. O6nacts onpenenenus: x € R.
2. JlaHHasg QyHKIUS HE SABISETCA HU YETHOW HU HEYETHOM.
3. HaiineM Touku nepeceueHus rpapuka ¢ OCsIMU KOOPIMHAT:
a). cocero OX: y=0,
B JJAHHOM CJTy4ae X HalTH 3aTPyJHUTENBHO,
0). c oceto OY: x=0,
torga y =—3. Touka (0;-3).
4. O4eBUAHO, 4TO TpaUK HE UMEET ACUMITOT.
5. HaligeM npou3BoAHYIO:
y' =3x" —12x+9.
3x* —12x+9=0
X’ —4x+3=0

X

x =1x,=3

=1,x, =3- cTauMOHapHBIE TOUYKHU

n _ T fi(x)

L U A

Haiitu nHTEpBaIbl MOHOTOHHOCTH (YHKIIUU U €€ IKCTPEMYM.

Haiiti mpoMexyTKH BBIMYKJIOCTH, BOTHYTOCTH Tpauka C MOMOIIBIO0 BTO-



Ha npomexyTkax x € (— oo;l)u (3;00) rpaduk GyHKIIMH BO3pACTAET,
Ha TPOMEXYTKE X € (1;3) GyHKIUS yOBIBAET.

x =1- Touka Makcumyma, y,,.. = y()=1.

X =3- Touka MUHUMyMa, y . = y(3)=-3.

6. HaitneM BTOpYIO IPOU3BOHYIO:

y'=6x-12.
6x—12=0
x=2

— + (@)
N, "

Ha npomexyTke x € (— 00;2) f"(x) <0, 3paunr (yHKUMS BBITyKIas.

Ha npomexyTke x € (2;00) f"(x) >0, 3naunr dyskums Borayrasi.
Touka x =2- Touka neperuoa.

y(2)=-1.

7. HOHy‘-IeHHBIe JaHHBIC 3aHCCCM B Ta6J'II/II_[y2

X o) | 11G:2) ] 21@3) | 3] @B

O+ o] — | x| — o] +

J'(x) 0 | | 1

el N\ Y

8. JomomuurenbHbie Toukn: y(4)=1.

9. Tloctpoum 3cku3 rpaduka GyHKITHM:




(1;1)

A

0 2:-1) X

y=x"—6x"+9x-3
(0;-3)

(3;-3)

IIpumep2:
1
HccnenoBaTh GYHKIMIO Y = Zx3 —3x+2 u nmoctpouts e¢ rpaduk.

Pemenne:

1. O6macTb onpeneneHus: x € R.

2. JlanHasg QyHKIUS HE SBISETCS HU YETHOW HU HEYETHOM.

3. Haiinem Touku nepeceueHus rpapuka ¢ OCIMU KOOPIMHAT:
a). a). cochro OX: y=0,

B JIAaHHOM CJIy4ae X HalTH 3aTpyJHUTEILHO,

0). coceio OVY: x=0,

torma y=2. Touka (0;2) .

Ou4eBuHO, YTO rPaPUK HE UMEET ACUMIITOT.

Haitnem npownsBoHyto:

Nt

i 3 2
=—x"-3
Y7y

%xz -3=0,x"=4,x, =-2,x, =2

X, =—2,x, =2- cTallMOHAPHbIE TOUKH
+ — + @
/ -2 \ 2 /' f(x)

Ha npomexyTkax x € (— OO;—2)U(2;OO) rpaduK QyHKIIMHA BO3pacTaer,

Ha TMPOMEXKYTKE X € (— 2;2) byHKIIMS yOBIBAECT.
X =—2- TOYKa MaKCUMyMa, ¥, = y(=2)=06.

X =2- TOYKa MUHUMYMA, Y. = Y(2)=-2.



6. Halinem BTOpy10 MpOU3BOIHYIO:

"

3

:—x.
Y7y
Ex:0
2
x=0

')

= \ TN,

Ha nmpomexyTtke x e

— 00; O f "(x) <0, 3sHaunT GYHKIAS BBITYKIAS.

Ha npomexytke x € (0,00) f"(x) >0, 3paunr (yHKUMSA BOTHYTAs.
Touka x =0 - Touka neperuoa.

¥(0) =2

7. HOHy‘-IeHHBIe JaHHBIC 3aHCCCM B Ta6J'II/II_[y2

X (ca2) | 2| 2:0) 0] (0:2) (2:0)
FOL 4+ | o — | x| — —t
S(x) 0 | I
£() /' () \, \, /‘

AN

8. JomomuurenbHbie Touku: y(4) =6, y(—4)=-2.

9. Tloctpoum 3cku3 rpaduka GyHKIIMH:




V a
(-2;6)
4:6)
1 ;

(0:2) y:Zx —3x+2

’ \/ x
42 2:-2)
IIpumep3:

2

UccnenoBars GyHKIMIO Y =

3 M TIOCTPOHTE €€ rpaduk.

Pemenue:

1. O6nacts onpeneneHus: x # 3.

2. JlaHHag QyHKIMS HE SBISETCA HU YETHOW HU HEYETHOM.

3. Haiinem Touku nepeceyeHus rpaguka ¢ OcsIMU KOOPIUHAT:
a). a). cocero OX: y=0,

2

Y -0,6=0,
x—
Touka (0;0).

0). c ocero OVY: x=0,

torma y=0. Touka (0;0) .
4. Hannem acCUMIITOTEL.

a). Touka pa3pbiBa: x =3.

Hainem npenensi:
2

lim

x—310 xy — 3

=100 Torma x =3- Touka paspsiBa Il posa.

CrnenoBaTeNnbHO X = 3- BEpTHKAJIbHAS aCUMIITOTA.
0). ['opu30HTATBLHBIX ACUMIITOT HET:

) X

lim =400

x—>*0 X — 3
B). HakJIOHHBIE aCUMIITOTHI:

2
) X ) X

k = lim f():hm =1,

xX—>too X xX—>t0 x(x — 3)

b:hm[f(x)—kx]:]jln{ al —l-x}:lim X3,

x—>too x—¥0| y — 3 x>Fo xy —3

3Hayur y = X+ 3 - HaKJIOHHAS ACHMIITOTA.
5. HaitgeM npou3BOIHYIO:



!

, ( x° j :2x(x—3)—x2 _x2—6x_x(x—6)

S =37  (x=3)7 (x-3)°
M0 =0,x, =6
(x=3)

x, =0,x, =6,x; =3- KPpUTUIECKUE TOUYKH

4+ ™
0 3 6 f(x)
/ N N W
Ha nmpomexyTtkax x € (— oo;O)u (6;00) rpaduk GyHKIIMH BO3pACTaCT,

Ha npomexytke X €(0;3)U(3:6) pynxuns yoiBaer.
x =0- Touka Mmakcumyma, y,.. = y(0)=0.

x =6- Touka MUHUMYMaA, Yy, = y(6)=12.
6. HaiineM BTOpYIO MPOU3BOJHYIO:

"

o _[ x(x=6) ": X =6x) _(2x—=6)(x—3)’ —(x’ -6x)2(x=3) _ 18
"yt ey (-3’ EES)

18
(x=3°
X # 3- TOUKa pa3phiBa.
Touek nepernda Her.

‘s s e
NN

Ha npomexyrtke X e f"(x) <0, 3paunr (byHKITMS BBITTyKJIasl.

Ha npomexytke x € (3,00) f ”(X) > 0, 3gaunT QyHKIMSA BOTHYTASL.
7. TlonmyueHHbIE TaHHBIC 3aHECEM B TaOJIUILY:

X (-00) | 0[(0:3)] 3[(Bs6) | 6| (6

'O+ o] — | x| — o] +

J'(x) | | 1

—

N

f@) /'m \'\




8. JlomomHUTEIbHBIE TOUKH .

9. Tloctpoum 3cku3 rpaduka GyHKIIMH:

v

IIpumep4:

3

3—x?

UccnenoBars GyHKIHIO Y = 1 TIOCTPOUTH €€ TpaduK.

Penienue:

1. O6macTh onpeeyICHus: X # i\/§ .

2. JlanHasg QyHKIIMS SBIASETCS HEYETHOM:
(—x* X
3-(-x)?  3-x°
3. Haiinem Touku nepeceueHus rpapuka ¢ OCIMU KOOPIMHAT:

a). a). cocbro OX: y=0,

3
X

3—x7
Touxka (0;0).

0). c ocero OVY: x=0,
torga y=0. Touka (0;0).

y(=x) = =—y(x).

=0,0=0

9

4. Haiinem acCUMIITOTEL.
a). Touku pazpsiBa: X, = —x/g,xz =3,
Haitnem npenenst:
3

Iim
x——320 3 —X

3

> =200, torma x =—3 - Touka paspsisa II poza.

lim =100, torma x = V3 - Touxa paspsiBa Il pona.

x>320 3 — x2




CrieoBaTenbio x =—J3,x=1/3- BEPTUKAILHBIC ACHMITOTHI
0). ['opr30HTATBHBIX ACUMIITOT HET, TaK KakK:

3
. X
lim 5
x—>x+00 3 —-X

:ioo

B). HakiOHHBIE aCUMIITOTHI:
3
. X ) X
k= lim S ) = lim

x—too X

k0 x(3—x2)

) 3x
= lim >
x—>Fowo 3 — x
3HaUUT Y = —X- HAKJIOHHAsA aCUMIITOTA.

=0,

x—>to0 3 2

- X

3
b= lim [f(x) - kx]= lim{ al +1-x}

5. Haitgem npou3BOIHYIO:

y'—( X J _3)62(3—)62)—)63(—2%)_9)c2—3)c4+2x4 _9)62—)64 _x2(9—x2)

3_x2 (3_x2)2 (3_x2)2 _(3_x2)2 - (3_x2)2 9
x*(9-x%)
m=0,xl :O,X2 =—3,x3 :3

x,=0,x,=-3,x,=3,x, = 3 ,Xs = J3- KPUTHUYECKUE TOYKHU

AR V) S LG
NP 0 s 3N S

Ha npomexyTtkax x € (— 3—/3 )u (— J3 ;O)U (O; J3 )U (\/3 ;3) rpaduk (QyHKIIUU BO3-
pacTaer,

Ha TIPOMEXKYTKE X € (— OO;—3)U (3;00) (GyHKIIHS yOBIBaECT.
X =3- To4uKa MaKCUMyMa, Y. = yY(3)=-45.

x =-3- Touka MUHUMYyMa, y . = y(-3)=475.

6. Halimem BTOpy10 MpOU3BOIHYIO:
n !/

"_ x°(9—x?) _ Ox* —x* ,:(18x—4x3)(3—x2)2—(9x2—x4)2(3—x2)(—2x)_
Y emy ) Tle=ay B=x)’ )

B 6x° +54x B 6x(x*+9)
G-x)"  (B-x*)
2
63079 o
(3-x7)

x =0- Touka neperuoda.



YT — ')
W /‘f/’ N\ £()

Ha npomexytke x € ( V3 ;O)U (\/_ ) f"(x) <0, 3paunr (YHKIIHS BBITYKIasl.

Ha npomexyTke x € (— —\/_ ) ( 3 ) "(x) >0, sHaunT (yHKUHS BOTHYTAs.
7. TlomydeHHbIE TaHHBIC 3aHECEM B TaOJHUITY:

X | (~oo-3)| -3 343 ) V3 |- 3:0) | O V3| (V33) | 3 [3:)

POl — o | + Ix|—+ 1o x| +lo|—

0:43)
—+
PO 4 x| — Jo |+ x| —|x]|—

PMA IR

8. HOHOJ’IHI/ITCHBHLIG TOYKH .

9. Tloctpoum 3cku3 rpaduka GyHKIINH:



A
Y
x=3
J l
4,5 =
il 3 . x2
! 0 | >
3 3 X
y=-x
L
x=—3
IMpumeps:
x> -1

WccnenoBath GyHKIUIO Y =——— U MOCTPOUTH €€ rpaduk.
X

+1
Pemenue:

1. O6nacth onpenenenus: x € R.
2. JlanHasg QyHKIMS SBISETCA YETHOM:

0P-1 X1
y(ex) =0 ]

3. Haiinem Touku nepeceueHus rpapuka ¢ OCIMU KOOPIMHAT:
a). a). cocbro OX: y=0,

x> -1

x> +1

Toukwu (-1;0) u (1;0).
0). c ocero OVY: x=0,
torga y=—1. Touxa (0;—1).
4. Hainem acCUMIITOTEL.
a). Todek pa3pbpIBa HET, 3HAYUT HET BEPTUKATBHBIX ACUMIITOT.

=0,6°-1=0,x> =Lx =-Lx,=1,



0). ['opu3oHTaIBLHBIE ACUMIITOTHI:
2
.oox =1
lim ——=1
x—xto x° 4]
3uaunt Yy =1 - ropusoHTanbHas aCUMIITOTA.
B). HakmoHHBIC aCHMITTOTHI:
2
X : x -1
T T e B
x>t x(x° +1)

2_
ljm{x 1+O-x}:1,

b

k = lim

x—>to0 X

b= 1im [f(x)—kx]|=

xX—>to0 2

x +1

3uaunr y =1 - HakjIOHHAsA acMMOTOTA.
5. Halimem npou3BOAHYIO:
!

. x* -1 _ 2x(x* +1)— (x> =D(2x) B 2x° +2x—2x +2x _ 4x
Y x*+1 (x*+1)° (x> +1)? (x*+1?*’
_Ax 0.x=0

I - KpUTHUYECKasi TOUKa

_ S J(x)
' >
AN e )
Ha npomexyTke x € (0;00) rpaduk QyHKIMH BO3PACTAET,
Ha TIPOMEXYTKE X € (— oo;O) (dbyHKIUS yOBIBaET.
x =0- Touka MUHUMYMa, Y, = y(0)=-1.
6. Hailinem BTOpY10 MPOU3BOIHYIO:

"o 4x _4()c2+1)2—4x-2()c2+1)-2)c_4(x2+1)—16)c2 B 4-12x° B
g (x> +1) (x> +1)* (x> +1)° (x> +1)°
_4(1-3x%)

x>+’
_ 2
M: X, :iizi0,6
(x* +1) ’ J3

-+

1
Xy = T— TOYKH IIeperuoa.

3
153 15

[E—



W 1)
NAC A

1 1 "
Ha npomexytke X € (— w;—ﬁJ U(ﬁ;wj S (x) <0, 3Haunt PyHKIHA BBHITYK-

Jias.

I 1 "
Ha mpomexyTtke X € _ﬁ;ﬁ S (x) >0, spauur Gpyskuus BorayTas.

7. HOHY‘ICHHBIG JaHHBIC 3aHCCCM B Ta6J'II/IHy2

0 R | e B S
FO— ] x o| +— | x| —+
f”(x) - 0 X —_— 0

—
f(x)\\\\u /‘//'

8. JlomoTHUTENbHBIC TOUKH .
9. Tloctpoum 3cku3 rpaduka QyHKIIUH:
V a




Xo00 svitnonnenus pabomot:
1. BpImOAHUTH 3aaHKs IO BapuaHTaM, UCIOJIb3Yysl IPU HEOOXOJAUMOCTH METOHU-
YECKUE YKa3aHUsl.

3aoanue: VccnenoBarb U MOCTPOUTH IpauK QyHKIIUH.

- B
2 2
). y=2x"+3x" -12x+10; 1). y= xz; 2).y=x 4
x_
II-B
2
1). y=x’—6x>+16; 1), y=—rom: 2). y=——o.
) y=x -6 16, Doy=T— 2y
I1I-B
2 3
. y=20 -3¢ -12x-1; 1) y=——y  2) y=0F
x_
IV-B
3 5 x2 x3
). y=x +6x"+9x+8; 1). y= X 2). y= .
). Yy=X"+06x7 +9x+38; )- Y= )- V=3

2.IIpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aTUTE MPAKTUIECKOM paboTe.
3aUTUTD BBITIOJIHEHHYIO PadoTy.
Bonpocwut 014 3auumeot:

1. O6nacth onpenenenust GyHKIIUH.
[ToHsATHE YETHOCTH U HEYCTHOCTH (DYHKITHH.
[IpaBuna HaXOXAEHUS TOUYEK MepecedeHs] PyHKIUU C OCSIMU KOOPUHAT.
Knaccudukanus Touek pa3pbiBa QyHKIUY.
Buibl acuMnTOT M TIpaBUjIa MX HaXOXKICHUS.
AnTOopuTM HCCenoBaHus (PYHKITMM HAa MOHOTOHHOCTD U TOYKH DKCTPEMyMa.
Bropas npousBoHas U ee IpUMEHEHUe I uccieoBanus rpaduka GyHKIINH.
[Tonnas cxema uccnegoBaHus GyHKIIUUA U TIOCTPOSHUS €€ ICKU3A.

PN B LD



IIpakTnueckasi padoraNel(.

Tema: DyHKIUU HECKOJIbKHX NepeMeHHbIX. UacTHbIEe NPOU3BOIHbIC U MOJHbIN
g epeHumall.

L]env: 0TpaboOTaTh HABBIKK HAXOXKIECHUS 00J1aCTH ONpeeNeHHs (DyHKIMIM IBYX IEPEMEHHBIX,
YaCTHBIX MPOM3BOAHBIX (DYHKIIMH JIBYX TIEPEMEHHBIX, BBIYUCIISITH MTOHBIN TuddepeH-
a1 (PyHKIMY JBYX NIEPEMEHHBIX;

Kpamxue meopemuyeckue ceedenuisi:

DYyHKIUHN HECKOJbKHUX NepeMeHHbIX. YacTHbIE MPOU3BOAHbIC U MOJHBINA 11 de-
peHIua.

e @MYHKIUM HECKOJbKHUX NePeMEeHHbIX.
e YacrHble NPOU3BOAHBbIC U NOJHBIN AU depeHuran QyHKUMH.

1. q)yHKlIl/II/I HECKOJBbKHX IIEPEMECHHDbIX.

Onpeoenenuel : IlepemeHHas BeJTMUMHA Z HA3BIBACTCA YHKYUEl 08YX NEPEeMEeHHbLX
BEJIMYUH X Uy, €CJIA KaXI0W mape IOMyCTUMBIX 3HAUYCHHUMN X U 'y COOT-
BETCTBYET €IMHCTBEHHOE 3HAYCHUE Z.

Oobosnavenue: z = f(x,y),z = F(x,y),z = z(x, y)

3HaueHue PyHKIUM z = f(x,y) IpH X=a U y=B 0003Ha4atoT f(a,b) .

VYnopsnoueHHas napa 4ucen X U 'y HasplBaeTcs moukou M (x,y), a pyHKIMs IBYX e

PEeMEHHBIX- (hyHKkyuel smou mouxku z= f(M).

Onpeodenenue 2: IlepemenHast BeTUYrMHA U HA3bIBACTCS PYHKYUEU mMpex NnepeMeHHbIX
BEJINYMH X , Y U Z, €CJIM KAXKIO0U nape JONMyCTUMbBIX 3HAYCHUN X , Y U Z
COOTBETCTBYET €IMHCTBEHHOE 3HAYECHUE U.

Ananoeuuno onpeoensemcs yHKYus n nepemeHHubIX.

Onpeodenenue 3:MHOXECTBO BCEX TOUEK B KOTOPBIX onpeneneHa GyHKIHs n epeMeH-
HBIX Ha3bIBACTCS 00.1aCMbl0 OnpedeneHusi (PyHKYUuu.

HexoTopyo 3aMKHYTYI0 001acTs D Ha mockocTH , OrpaHMYeHHYIO JaHHBIMU JIMHH-
SIMUA, MOKHO 33/1aTh C IOMOIIBIO OJHOM MJIM HECKOJIBKMX CHUCTEM HEPABEHCTB BUAA!

as<x<b fi(x)<y< f,(x) (1)

IIpumepsl:

1. Haiitu o6nacts onpeneiaeHns QyHKIMHA: 2 =+/9 — x* - y2 )

Pewenue:
2 2 2 2
Jlanuast GpyHKIus onpeaencHa, ecnmu 9—x" —y”° 20, roecth X™ +y~ <9,



9TOMy HEPABCHCTBY COOTBCTCTBCHHO YAOBJIICTBOPAIOT KOOPANHATEI BCEX TOYCK,

KOTOpbIE HaXOATCs BHYTpH Kpyra paguyca R =3 ¢ 1eHTpoM B Hauaie KOOpAMHAT, a
TaK)K€ Ha €ro rPaHHmIIe.
O6uacTbio onpesesieHus TaHHON (YHKIMU U ABJISIETCS] YKa3aHHBIN KPYT.

3
2. Haiit o61acTh onpesienenus GyHKIuM: < = VOX — T :
y

Pewenue:
[TepBoe cnaraemoe onpezeneno npu X =0, a Bropoe - npu Y > 0. Cinenosarens-
HO, 00JIaCTh OnpeeNieHus ecTh 1-as geTBepTh MmiockocTr XOy.

Sx—y+1

—— . Beraucmurs f(0,0), f(2,1).
2x" +y+1

3. Jlana ¢ynxmus S (X, y) =

4. Hatitu obiacts D, npeacTaBistonyto co0oif MHOXKECTBO TOUYEK Kpyra ¢ IIEHTPOM B
Touke (-3;2) u paguycom 6.
Pewenue:

[TocTpoum Kpyr ¢ HEHTPOM B TOUKE (3;2) 1 paguycom 6:
A
4

M(-3:2)

v

)

x=-9 x=3

Abcuuccsl TOYEK Kpyra U3MEHSIOTCS B IPOMExXyTke —9 < x <3. YpaBHeHue 3a-
IaHHO# okpyx)HOCTH HMeeT Bux: (x+3)” +(y—2)* =36, npeoGpasyem:

(y—2)>=36—(x+3)7,

(y—2)* =36—x>—6x-9,

(y—2)*=27-x"—6x,

y—2=4~/27 x> —6x

Torna:

1) y—2:—\/27—x2 —6xX wnm

y =2—+/27—x" —6x - ypaBHeHHUe, 3a1AL0LIEE HIKHIOK I0IYOKPYKHOCTb.



2), y—2:+\/27—x2 —6x wim

2
y=2++27—x" —6x - ypaBHeHHe, 331a10LIE€ BEPXHIO MOJTYOKPYKHOCT.
I[Tpu U3MEHEHNH X B IpOMeXyTKe —9 < x <3 (QyHKIMSA M3MEHSETCS OT

2—+27—x*—6x po 2+V27—x>—6x . CeoBaTelbHO, MHOKECTBO D ompesenser-

Ci CHCTGMOﬁ Hep dABCHCTB.
{ —9<x<3

227 —x*—6x<y<2+27—x>—6x"

5. O6nacte D 3amana nmapauieiorpaMMoM CO CTOPOHAMU
y=x-3,y=x+1Ly=-3x+13,y=-3x+29. 3anucars ¢ moMomp0 cucTEM HEPA-

BEeHCTB B (1) MHOXKECTBO TOUEK 3aJaHHOM 00JIACTH.
Pewenue:

Haﬁ):[eM TOYKH IIECPCCCUCHUA 3aJaHHbIX ITPSAMBIX WU ITIOCTPOUM ITapalJICIOorpaMM:

YIS YTE pes
y=-3x+13, *D: y=-3x+29, &3);
{y:—3x+2Q

y=x+1,

g. 4 VT 3.4
OB | L iy EGH.

A

Y x=3

o0 A

Yepes BeplIMHBI TapajljiesiorpaMmma IpoBeAeM MpsiMble TapauienabHble ocu OY.
O6nacts D, orpannyeHHas 3aJJaHHBIM NapajIeIOrPaMMOM, PA3AEIUTCS STUMHU MPs-

MbIMU Ha Tpu obmactu D, D,, D;. Kaxayro u3 5THX 00J1acTe MpeacTaBuM CUCTEMOI

HepaBeHCTB Buja (1).
D,: 3<x<4.



Cuu3zy orpanuyena npsamoii y =—-3x+13, a ceepxy- y =x+1. Torna
—3x+13<y<x+1,
CrnenoBatelbHO:

3<x<4
P =3x+13<y<x+1’

4<x<7
D, : x=3<y<x+I’

H 7<x<8
7T x=3<y<-3x+29°

1
6. O6nacte D 3aximroueHa Mexay napadosiaMmu y2 =4x p x° = 5 y . 3amnucars ¢ I10-

MOIITBIO CUCTEM HepaBeHCTB BUAA (1) MHOKECTBO TOUYEK ITOM 00J1acTH.
Pewenue:

y? =4x

b= 252 000:0), M(122).

Haiinem Touku nepeceuenus napadoin. meem {

1 2
x2=§y,Torna y=2x",

y> =4x , torna y=2x.

A
Y
y=2x"
y=2x
M(1;2)
X
0 x=1 0<x<l1
T12x% < yS2\/;'

2. YacTHbIe IPOU3BOAHBbIC U MOJHBbIN 1 depeHunaT PyHKIUMN.
Onpeoenenue 1: Yacmnoii npouzsoonoti PyHKUUU z = f(x,y) no nepemeHHol X Ha3bl-
BaETCS MPOU3BOIHAS ATOU (PYHKITUH MPU MOCTOSTHHOM 3HAYCHUH TIe-

07 ,

peMeHHO# y u 0003HavaeTcs a win <y .



Onpeoenenue 2: Yacmuou npouszeoonot GyHKIMHN z = f(x,y) N0 nepemMeHHOo )y Ha3bl-
BAETCS MPOM3BOIHAS ATOW (DYHKIIMU TIPU TOCTOSTHHOM 3HAYEHUH TIe-

0z ,

PEMEHHOM X U 0003Ha9aETCS 5 win <y .

Vmeeporcoenue: YactHast mpon3BoaHas PyHKIIUN HECKOIBKUX MEPEMEHHBIX MO0 OJHON
MEPEMEHHOM ompeensieTcst Kak IpOru3BOAHAs 3TOM (PYHKIIUU MO COOT-
BETCTBYIOILEH IIEPEMEHHOMN IIPU YCIIOBUH, YTO OCTAJIBHBIE IIEPEMEH-
HBIE CYUTAIOTCS TOCTOSTHHBIMU.

Onpeodenenue 3: Ionnvim oughgpepenyuanom GyHkuuu z = f(x,y) B HEKOTOPOIl TOUKe

M(x;y) Ha3bIBaeTCS BBIpAKCHHE

dz=%dx+@dy (2)
ox oy ~’
0z 0z
rae 5o M 5 BBIYUCIAIOTCS B TOUKe M(x,y), a dx = Ax,dy = Ay .
IIpumepsi:
1. Haifti yacTHBIC MPOM3BOAHBIC (DYHKIIHI:
2 2
3 2 3 -y
L Z2=X"+2xy" +3y7; 2). 2= ,
D.z=x Xy Yy’ 2) X+
Pewenue:
0z 0z

232 42y = =4xy+9y°
D. 5 T A2 Ay

2

0z _ 2x(x*+y)—(x* —y*)2x  4xy

2)- Ox (x2+y2)2 - (x2+y2)2 )
Oz _—2y(x’+yH)-(x*—y)2y _ 4x%y
Oy (x* +y*)? (x> +y*)?*

X
2. BeruncnuTh 3HaY€HNE YACTHOU MPOU3BOAHON (PYHKIMHN I = n
x

;) B Touke M(-2;3).

Pewenue:

Hatinem yacTHbie MPpOU3BOIHBIE:
Oz _(x+y)—(x—y) 2y Oz_—-(x+y)-(x—-y)_ __ 2x

ox  (xy)t k)T Oy (x+y)° (x+ )
B nostyueHHbIe BhIpaXXeHUS MOJACTABUM X=-2 U y=3:

0z , 2-3 0z , 2-(=2)
R g =—20 e [ E| amy a2
Eﬁij %{=2) (—2+3)* 7 (@JM 559 (—2+3)° *

3. BorumciuTh nosHsi guddeperiman Gynkimn z=x" —2x"y° +y° B Touke M(1;2).
Pewenue:



HaXOILI/IM YAaCTHBIC IIPONU3BOJHEIC!

aZ 2 2 aZ . 2 2

. 3x° —4xy”. o 4x"y+3y°

Bprarcnum 3Ha4eHHS YaCTHBIX MTPOU3BOIHBIX B Touke M(1,2):

(ﬁ) =7 (1;2)=3-1"-4-1.2> =-13 K@j =z (12)=—4-1"-2+3.2> =4
X ) o),

CornacHo dopmyiie (2), MOaydum:

dz =—13dx+4dy .

Xo00 evinonnenusn padoomol:
1. BeimomHuTh 3aaHus IO BapuaHTaM, UCIOJIB3YsI TIPH HEOOXOIUMOCTH METOIHU-

YCCKHUC YKA3aHUA.

3aoanus:
I-B II-B

1. Haiitu obnacth onpeneneHus GyHKIIMH:
3

z=416—x"—y”; 1= T
y 4_x2_y2

2. Haiinure yacTHOE 3HaY€HHE (PYHKIUU:

2x+y—8 5x-3y+2

fx,y)= —)26 Y , B TOUKax fx,y)= —)ZC Y , B TOUKaX
x“+y-1 x"—=4y-1
A(0,0), B(2.1); A(0,0), B(2.1);

3. 3anummTe ¢ MOMOIIBIO CUCTEM HEPABCHCTB 3aMKHYTHIC 00J1acTh D, 3aJJaHHBIC ClIe-
JTYIOITAM 00pa3oM:

a). y=x,y=x—-6,y=3,y=-3; a). y=x,y=x-8,y=4,y=-4,
6). y=x",y=1; 6). y=x",y=4;
4. HalimuTe yaCcTHBIC TPOU3BOIHBIC CICAYIOMINX ()yHKIIHM:

1 1
a). Z=§x3—2xy2+y3; a). Z=5x2—5xy2—2y3;

2x2_ 2 x2_3 2
6). Z:w; 5). =X 3y

2x+y x+y

5. Beruucaure nonusie quddepeHnuansl GyHKIUN B 3aJaHHBIX TOUKaX:

a). z=x"y+xy’ +xy° Brouke M(-1;1); a). z=x"y> —2xy’> +xy° B Touxe M(-1;1);

x> =3y 2x°+y
0). 2= y B Touke M(1;-2); 0). 2= P

B Touke M(1;-2).




2.1IpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3alIUTE MPaKTUUECKOM padoTe.
3alIUTUTh BHITIOJTHEHHYIO PadoTy.
Bonpocet 0na 3auwgumor:
Jlaiite onpeaeneHue GyHKIIMU N-TIEPEMEHHBIX.
Brenure onpenenenue obaactu D.
BBenute onpenesnieHre 4aCTHOM ITPOXU3BOIHOM.
Omnpenenenne nosHoro quddepennuana GyHKIIAM.
OOBsicHUTE, KaK BBI BBITIOJHSIN PaboTYy.
UeMy BbI HAYUYWJIUCh PU BHITOJHEHUN PAKTUUECKON pabOoThI?

A S



IIpakTuueckas padbora Nell.
Tema: BpluucieHEe HHTETPAaJIOB.

Heﬂbi HayIII/ITB BBIYHCIEITE OIIPCACIICHHBIC MHTCT PAJIbI, UCIIOJIb3Ys CBOMCTBA M C ITIOMOIIBIO
MCTOJA ITOACTAaHOBKMU.

Kpamkue meopemudeckue CBEOEeHUS:

o JlonaTus HEOINMPECIACJICHHOTI0 HHTETpaJjia, €ro CBOJICTBA
e OCHOBHBIE METOABI HHTCIPUPOBAHUA

o [lousiTHe onpee/IeHHOT0 HHTErPaJia

1. IMonsATHSI HeoMmpe/aeIeHHOT0 HHTErpaJia, ero cCBolcTBa

B sTom pazzaene Oynem 3aHMMAThCS 3aja4eii, 00paTHOM K 3ajaue HaXOXKACHUS TIPO-
W3BOJHOM.

Omnpenenenue: Oynkuus F(x) Ha3pIBaeTCs MEPBOOOPa3HOM a1 QyHKIMH f(X), eciu
F'(x)= f(x) nms Bcex x HEKOTOPOI'O MPOMEXKYTKA.

Hanpumep, ¢yHKmus x°  SBIdeTcs MepBooOpasHOi (yHKImM 3-x%, T.K.

!
3 2 .
(x ) =3-x’. OynkIua X° +5 TawKe ABICTCSA MEpBOOOPasHON GyHKIMH 3- X7, T.K.
!
(x*+5) =322,
[TosTOoMy, 3a1a4a OTHICKAHUSI IO TaHHOU (PyHKIIMH f(x) ee MepBOOOpa3HON peraeT-

cs HeoJHO3Ha4HO. [lelicTBUTEnbHO, ecau F(x) — mepBooOpa3Has ¢yHKOUU f(x), T.e.
F'(x)= f(x), o pyukuus F(x)+C, rae C — npou3BobHas MOCTOSHHAS, TAKXKE SB-

nsieTcst mepBooOpazHoit GyHKIUH f(x), T.K. (F (x)+ C), = f(x).

Omnpenesienne: MHOXECTBO Bcex NMEPBOOOpa3HbIX (PYHKUUN f(Xx) Ha3bIBaeTCs He-
OTpeeICHHBIM UHTETPAJIOM OT 3TOM (PYHKIIMU U 0003HAYALTCS .[ f(x)dx .

Hraxk, jf(x)dx =F(x)+C,rne C =const .
CBoiicTBa HEONPEIETIEHHOTO0 HHTErpalia

L ([ fooar) = (Feo+¢) = o)

2. [C-f(x)dx=C-[ f(x)dx, rne C =const .

3. JF £ gl = [ f()de £ [ g(x)dx

Tadunna 0oCHOBHBIX HeONpeaeJIeHHbIX HHTErPaJioB (CM. MPUIoKeHHne 3)



2. OcHOBHBIE METO/bI HHTErPUPOBAHUS

2.1 MeToa HenmocpeACTBEHHOT0 HHTErPHUPOBAHUS

Meron MHTErpupOBaHus, IPH KOTOPOM JAaHHBIM MHTErpal MyTeM TOKIECTBEH-
HBIX MPeoOpa30BaHUN MOJBIHTETPAIbHON (DYHKIIMK (MJIM BBIPDQXKEHHS) U MpUMe-
HEHHUSI CBOMCTB HEONPEAECICHHOTO MHTErpajia MPUBOJUTCS K OJHOMY WM He-
CKOJIBKUM TaOJMYHBIM WHTErpajaM, Ha3bIBA€TCSI HEMOCPEICTBEHHBIM HMHTETPU-
pPOBaHHEM.

[Tpumepsr:
1) BprancnuTe uHTErpal

j(s-cosx+2—3-x2+l— 4 jdx

x x2+1

Pewienune: [IpumMensis cBolictBa 2 v 3 UHTErpana, NOJydnM,

2

I(S-cosx+2—3-x2+l— 4 jdx:
x x"+1

1

dx =
x2+1

=S-Icosx+2°Idx—3jx2dx+jldx—4j
X

Hanee, ucnons3ys opmynst 7, 2, 1, 3, 13 Tabnuiibl UHTETPaIoB, HAXOIUM

3
:s-sinx+2-x—3-%+m\x\—4.arctgx+c=

=5-sinx+2-x—x" +In|x|—4-arctgx + C

OOBIYHO BCE MPOU3BOJIbHBIE TOCTOSIHHBIE CYMMUPYIOT U 0003HAYaI0T OJ1-
Hoit OykBo# C.
[IpaBUIBLHOCTH MOTYYEHHOTO Pe3yJibTaTa JErko MpoBEpUTh AU hepeHIu-
POBaHHEM.
2) BpruuciauTh UHTErpan
J~ dx
[ 2
16 —x

Pemenue: Unterpan Tabnnunsiii. Bocrions3zyemcs hopmynoit 13, noxyuum

J.Larcsin£+C
V16 — x? 4



HenocpencTBeHHO BBIUMCIUTH UHTETPAJIbl C MOMOIIBIO TAOMUIIBI HA MPAKTUKE
yAaeTcsi JOBOJBHO penko. [IpuxoauTcess mpeaBapuTENbHO MOIBIHTETPAIBHOE BbI-
pakeHNE TOXKICCTBEHHO MPEOOPa30BHIBATH.

3) BbIUHCINTH UHTETPAI
I dx
2

Sm )C'COS2 X

Pemenue: MaTerpan He TaOIWYIHBINA, TOATOMY TIPEOOpa3yeM ero.
Tx. 1=sin’x+cos’x, To

dx sin® x +cos® x sin” x
I — 5 —J dx-j dx +
sin“ x-cos” x sin? x-cos® x sin? x-cos® x
2
cos” x
I > dx—J dx+_[ dx =
sin’ x-cos x cos’ x

[Tomyunm nBa TaOIMYHBIX UHTErpaia, no ¢popmynam 10 u 11 Haxonum

=tgx—ctgx+C
4) BprauciauTh UHTErpal
jtgz xdx
Pemenue:
T, tgx = sinzx _ 1—cos® x _ 1 _coszx _ 12 110

COS X 0082 X COSZ.X 0082 X COS Xx

1 1
jtgzxdxzj(m—ljdxzjcos xdx de—tgx x+C

2.2MeTo1 HHTETPUPOBAHUS MOJICTAHOBKOM (3aMeHOM NepeMeHHOI)

Bo MHOrux ciyyasix BBEJ€HHE HOBOM MEPEMEHHON UHTETPUPOBAHUS TO3BOJIS-
€T CBECTH HaXOXJCHHE JAaHHOTO WHTErpaja K HaXOXKICHUIO TaOJIUYHOTO, T.€. Te-
PEUTH K HENOCPEACTBEHHOMY MHTETPUPOBAHUIO. Takou METOJ Ha3bIBACTCS Me-
TOJIOM TIOJICTAHOBKHU WJIM METOJIOM 3aMeHbI mepeMeHHOU. OOImMX METOI0B TO/I-
0opa MoACTaHOBOK HE CYIIECTBYET. Y MEHUE MPABUIBLHO OTNPEICTUTh MOACTAHOB-
Ky IpHOOpETaeTCs MPAKTUKOM.

[Tycth TpeOyeTcsi BBIYMCIUTH HHTETPAT I f(x)dx. Cnenaem mMoaCTaHOBKY

x=¢(t), rne ¢(t) — OyHKIHs, UMEIOIIass HEMPEPHIBHYIO MPOU3BOAHYI0. Torma
dx = ¢'(t)dt u nonydyaem HopMyy HHTETPUPOBAHUS TTOACTAHOBKOM

[ fCodx =] flo)) @'ty



Ota ¢opMyna Takke HazbIBaeTCs (GOPMYJION 3aMEHbI IEPEMEHHBIX B HEOMpe-
JIEJICHHOM HMHTErpale.

[Ipumepsr:

1) Bprancnute uHTErpal

je“dx
Pemenue:
X
t="=,
4
x 1 x
jemx: dt=de, =je’ -4dt=4-jefdt=4-ef +C=4-¢*+C
108042
dx =4-dt

2) BpuanciauTh HHTErpal

~|.)c-\/x—3dx

Pemenue:
x—3=t,
oiada
x—3= 2,
[xVx=3dv=|,_p2 3 =j(t3+3)-t-2-tdt=j2-t2(t2+3)dt=
1
dt:2\/x__3dx,
dx =2~/x—3dt =2 -tdt
:J(Z-t4+6-t2)dt:IZ-t4dt+j6-t2dt:Z-Jt4dt+6-ft2dt:2-§+6-§+C=
:%t5+2-t3+C=§-(\/x——3)5+2-(\/x——3)3+C:§-(x—3)§+2-(x—3)§+C

3) BeruucnuTs uHTErpal
j cos(3- x)dx

Penienue:



Icos(3-x)dx =|dt =3dx,| = Jcost-ldt :l-Jcostdt :l'sint+C :l~sin(3-x)+C
3 3 3 3

dx:ﬂ
3
4) Haiitm
Ix (x+ 2)100dx
Penienue:
xX+2=t,
Ix-(x+2)loodx =lx=r-2|= j(t—2)-z100dt =j(t101—2-t1°0)dr _
dt =dx
:ItIOId[_IQ.tloodt:ﬁ_2.£+czw_2_(x+2)lm +C
102 101 102 101

3. IlonsiTue ONpPEaCJCHHOI0 HHTEIpaJia

Omnpenenenue: Ecmu F(x)+C — nepBooOpasHas (yukmus misa  f(x), TO
npupaiienue F(b)— F(a) nepBooOpa3HbIx GYHKIMA MpU U3MEHEHUU apryMEHTa
X OT x=a N0 x=A>b Ha3bIBaeTCsA ONpPEICICHHBIM MHTETPAJIOM B 0003HAYACTCS
CHUMBOJIOM

b b
[ FCodes T€ [ poax = F) - Fla)

TJ€ a — HUKHUM TIPEJIeI,
b — BepXHU Npeien ONPeIeICHHOI0 MHTErpaia

[Tocnenusst popmyna HazwiBaeTcs hopmynoit HetoTona-JlelOnuna.
Bce MeToner 1 CBOICTBAa HEONPEAETEHHOTO WHTETpaia MPUMEHSIIOTCS U TIPH
BBIUMCIICHUH OTIPEICIICHHBIX HHTETPAJIOB.

IIpocreiiime cBOMCTBA ONPeEAETICHHOI0 HHTErpaJia.
PaccmoTprm OCHOBHBIE CBOMCTBA OIPEAECIEHHOTO UHTErpaia. [lpu atom
Oynem mpeanosararh, 4to Gpynkmus f(x) HempepsIBHA Ha OTpe3ke [a,b].
1°. Ipu nepecmanosxu npedenos unmezpuposanus 3Hax UHMePand MeHsl-
emcsi Ha NPOMUBONOJIONCHBILL:

j{f(x)dx = —]l. f(x)dx .
a b

1
IIpumep: Haiitu J.xzdx.
3



Penienue:

1 3 3
X

3
szdxz—szdxz—— =(—2j—(—lj:_§:_gz.
3 1 3 1 3 3 3 3

0 o
2°. I[locmosnuwiil MHOMCUMENb MOJNCHO 8bIHOCUMb 30 3HAK onpedeﬂeﬂﬂoeo
unmezcpaia.:

j).kf(x)dx =kj f(x)dx .

Ipumep Nel:

1
Haiitu: I 5dx .
0

Penienue:
1
=51-0)=5.

0

j[de = 5J1. dx =5x
0 0

Lpumep No2:

3
Haiitu: J. 6x2dx .
2

Penienue:
3

=2(3"-2%)=2%19=38,

2

3
=2x
2

3 3 3
J.6x2dx =6jx2dx =6*x—
2 2 3

0 - . .
3". Onpedenennwiii unmezpan om aneeopaudeckol cymmol YHKYUL paget
aneebpauyeckol cymme onpeoeieHHvlx UHme2pani0s om 3mux QyHKYui:

i(f(x) + g(x))dx = jf(x)dx + ji g(x)dx .

2

IIpumep: Haiitu: .[ (5x* +2x-8)dx.
1

Penienue:

2
j(sx“ +2x—8)dx =
1

212 2 2 2 2

2

2 2 2
j5x4dx+j2xdx—j8dx:5*xs—5 2 +2*% —8x] =x"| +x? -8x =’ -1)+(2°-1*)-
1 1 1 1 1 1 1 1 1
—8(2—1)=26
HOI[CTaHOBKa B OIIPCACJICHHOM HHTErpale.
Ilpumepl:
Hagiror ]5 2sin xdx
anTu: —(1—cos e

T

2
Pemenne: Bocronp3zyemcst mocTaHoBKOM u=1—cos x, oTkyaa du = sin xdx .
3aTreM HaiileM HOBBIE NPEeibl NHTETPUPOBAHUS; IIOACTABIIASA B PABEHCTBO U=

e T
1—cos X 3HaueHHs x, = B U X, =7, COOTBETCTBCHHO ITOJIYYUM U, :1_‘3055 =lnu

u, =1-cosz =2. 3anuch penieHus BbITISIUT TaK:



2sin xdx
(1-cosx)®

u=1-cosx,

du = sin xdx;

Ilpumep?2:
1

Haitru: [(4x* +1)° x"dx.
0

t=5x"+1,t, =5%0" +1=1

1.3 _ 3 _ g4 6
J- x4dx _ dt =20x"dx,t, =5%1" +1 :i ﬂ=i1nt =i(ln6—
Ssxtel | L 204+ 20 |, 20
X dx =—dbt,
20

Ilpumep4.

e e Inx=t¢t =In1=0

o 3In? xd 31 d. >l

Haiitnu: j M. Pemenue: IM— dx

1 f 7—dl‘,l2—hl€=

Xo00 evinonnenusn padoomol:

u, =1-cos(r/2)=

u,=1-coszw=2

2j = 2Tu-2du =2u” 2

1

Penienue:
t=4x"+1, 1, =4%0"+1=1
1 2
dt =12x"dx
4x° +1)° x’dx= ’ ==
@1 ax L1 =4 +1=5
0 xdx:—zdt;
5 6|5
Lpgre Lall =—(56 19y =217.
124 12 6|, 72
HQZ/IMGQ3'
*d
Haiitu: I *
S5xt+1°
Pemenue:

=—1+2=1.

Inl) =

—In6.

1. BuImoaHUTH 3aJlaHud 110 BapuaHTaM, HUCIIOJIb3Yys IIpHU H€O6XOI[I/IMOCTI/I MC-

TOANYCCKUC YKAa3aHUs.

3aoanue: BeIYMCIUTD HEONPEAEIEHHBIE U ONPEIeTIEHHbIE UHTETPAJIbI:

Bapuanm 1

1. f(ax

2. [3(20*-1) dx
3. J.Sx\/;-dx

X —4x+3)-dx

4. ISde

5. I(4 - 3cosx)- dx

Bapuanm 2

1. j( x——x +5jd

1+5x

5. I(sim+5x4)-dx



_[ 6x°dx J- xX’dx
S (1-2x%)* “d(5xt +3)

0 dx cos xdx

- @ 7. J—
7. *+1)° J‘\/l—sinx

3 3
8. j(5x2 —3x+9)dx 8. j(3x2 —2x +8)dx

< 3dx F
9. | — 9. IZ\/ xdx

1 X 0
1 3
10. I(2x3 +1)* x*dx 10. I6x3(3x4 —1)%dx
0 0
1 1
2 V1T xd
ll.j(erl)cfx 11 ! + xdx
o 1+4x
4 4
12. j3m/x2—7dx 12. j 6x> x° —ldx
242 0
1 1
13. {(ex —De“dx 13. Ie" xdx
0
© xdx t 6x2dx
N 14.
14 g(x2+1)2 J.l(x%_s)z
T dx f dx
15. 15. | — 77—
' x+/1+1nx 1 xV1=1In" x
16 T sin xdx % .
"¢ 1-2cosx 16. I S Xdx
> ) 3—C0s x
jcosxdx 6 .
17. O—Z—Sinx 17. Ie cos xdx
0

2.1IpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aLIUTE MPAKTUUECKOM padoTe.
3alUTUTD BBITIOJIHEHHYIO padoTy.
Bonpocwut 014 3auumeot:

1. Jlalite onpeneneHne HEONPEACICHHOIO UHTETpaa.

2. BBeaute onpeneneHue ONpeaesIeHHOIO HHTErpaa.

3. Kakumu crioco6amMu BBIYUCIICHUS BbI MOJIb30BAIMCH IPU PEILICHUU?

4. OOBsicHUTE, KaK MPUMEHSIOTCS METO/Ibl UHTETPUPOBAHU.

5. Uemy BBl HAYYMJIHCH NP BBHINOJIHEHUU MPAKTUUECKON paboThI?



IIpakTuyeckas padora Nel2.
Tema: BeruuciaeHue miomaaei puryp ¢ noMoubI0 onpeaeJeHHOro uHTerpa-
Ja.

L]env: OTpaboTaTh HABBIKK BBIYUCIICHUS TUIOMIA/ICH TUIOCKUX (PUTYP C TTOMOIIBIO
UHTErpana.

Kpamxue meopemuueckue ceedenus:

Onpenenenne: KpuBoauHeitHON Tpanenueil Ha3bIBaeTCsl (pUrypa, orpaHu4eH-
Has rpa(uKOM HEIpPepbIBHOM HEOTPULATEIbHON GyHKIMK f(x), X € [a;b], nps-
MBIMU X =a, X =b H 0Tpe3koM ocu OX .

y“
y =f%)

O ! b ;

a

['eomeTpruueckuid CMBICII ONPEACICHHOIO MHTErpaja COCTOMT B TOM, YTO OH
PABEH IUJIOIIAIM KPUBOJUHEWHOM Tpaneuuu. rak,

b
S(burypb[ = J. f(.X)d.x

PaCCMOTpI/IM OCHOBHBIC THIIBI 3aJa4 Ha BBIYHMCIICHHC HJIOHIaI[eﬁ.

y“
y =f%)

S = fff(x)dx

\

b
S =—[ f(x)dx

y = /(%)



y A
y = f(x) A
% § = (£ () - g
/ ; a
0 afﬁﬁﬁy b
y=8(x)

c b
S=[ f(x)dx + [ g(x)dx

[Ipumepsr:
1) Beruucnuth miomanas GUrypsl, OrpaHUYEHHON TUHUAMH Y = —, x =1,
X
x=2,y=0.

Pemenne: [loctpoum nannyro
y A burypy u BbIYUCIUM

2
}Eﬁ:hhﬁ:mz—m1=m2—0=
IX

=In2~0,7 (xB.ex.)

Otser: §$ ~0,7 (xB.ex.)

2) BBIYHCIUTE MIOMAh QUTYPHI, OTPAHMUCHHON TMHUAMA y =2-X — X H
y=0



Pemenue: [Toctpoum nanuyro Gurypy
y A

y=2-x-x"

L

Haiinem Touku nepecedeHus mnapabossl ¢ OX :

2.x—x>=0,
x-(2—x):O,
x=0, x=2.

Haiinem KOOpAUHATHI BEPIIHUHBI TApaOOIIbI (xo; yo) ,
b 2

=1, y,=2-1-1 =1. 1) — ,
7.a 2.(_1) » Yo Urak, (l,l) BEPIIHHA

S=E(2-x—x2)dx:[2.x_2_JC_3J2 _

3 3 3
EREE [ P .
2 3 3 3 3
0 0
=(4—§)—0=4—23:
3 3

1
OtBer: § =1§ (xB.em.)

1 (kme)
— (xB.en.
3
3) BBIUMCINTH IOMANb GUIYphl, OTPAHMUCHHOM TMHAAME y =2-x° —1 1
2
y=x".

Permenue: IToctponm cHavana rpaguk GyHKIMK y = x> ¢ BEPIIMHOI B
Touke (0;0) u BeTBAMY MapaGoJIbl, HAIPABIEHHBIMH BBEPX.

3aTem nocTpouM rpapux GyHkimmE y =2-x> —1.




Haiinem Touku nepeceuenus rpadpukoB ¢yHkiuil. s aToro pemmm
ypaBHEHHE

2-x*-1=x2,
x> =1,
x==1

M3 paccMOTpEHHBIX YEThIPEX TUIIOB 33]]a4 Ha HAXO0KJICHUE TJI0IAAei

IIJTOCKHUX (l)I/Ipr, JaHHaA 3a1a4a OTHOCUTCA K TPECTbEMY THILY, CJIICI0BA-
TCJIBbHO

1
OtBer: S =1§ (xB.em.)

Buviuucnums nnowaou ghuzyp, ocpanuyeHHbIX yKazaHHbIMU TUHUAMU

). x+2y-4=0, y=0, x=-3 n x=2.

BemonanmM noctpoenue gurypel. Ctponm npsimyto x+2y-4 = 0 110 IByM TOYKam
A (4; 0) u 5(0; 2) (puc. 6). Beipazus y uepes x, nonyuum y=-0,5x+2. I[lo bopmyie
(13.1), rme fix)=-0,5x+2, a=-3, b = 2, HaxoauM

2 2 2
S = j (—0,5x + 2)dx = [— 0’52 * . ZxJ

-3

= (-025x +2x] | =-025%2% +2%2-(-025%(-3)* +

+2*(=3)) =11,25(x6.€0)

B kauecTBe nmpoBepKH BEIYUCIUM ILUIONIA 6 Tpaneiuu M;MNN; OObIYHBIM ITyTEM.
Haxonum: M M=f (-3)= -0,5(-3)+2 = 3,5, N|N=f(2)= -0,5*%24+2 = 1, M;N,= 5.
CnenoBarenbHo, $=0,5(3,5+1)*5=11,25 (kB. exn.).

2). x-2y+4=0, x+y-5=0 u y=0.
Bemomaum nioctpoenne ¢urypst (puc. 7). Iloctpoum npsimyto x— 2y + 4 = O:
y=0, x=-4, A(-4;0); x =0, y=2, B(0; 2). [loctpoum npsmyro x+y-5=0: y=0, x=5,
C(5;0); x=0,y =35, D(0; 5).



Harinem Touky nepeceyenns npsMbIX, PEILIMB CUCTEMY YPAaBHEHUI

x=2y+4=0
x+y-5=0,x=2,y=3,M(2,3).

JI7st BBIUMCIICHUST KICKOMOM TuTomaan pazoobeM TpeyrosHuk AMC (puc. 7) Ha nBa
Tpeyroyibiuka AMN n NMC, Tak Kak npu u3MEHEHUH X 0T 4 10 N 1iomaib

x-ry—S-e

orpaHuydeHa npsamoi x- 2y+4 = 0, a npu usmenenuu x ot N 1o C- npsimoid x+y-5=0.

Jlns tpeyronbanka AMN nmeeM: x-2y+4=0; y=0,5x+2, 1. e. f(x)=05x+2,a=- 4
u b=2. Jna tpeyronbauka NMC umeem: x+ y-5=0, y= -x+5, T.e.f(x)=-x+5, a=2 u
b=>35.

Berancnus Iomaab KaxJaoro u3 TpEyroJbHUKOB 1 CIIOKHUB PE3YJIbTAThl, HAXOAUM:

° 0,5x> ’
-4 i
5 xz 5
S awme = J.(_x +5)dx = [— > + SXJ =4,5(ks.€0.)
2 2

3).y=x>y=0, x=2u x=3.
B nmanHOM ciydae TpeOyercsl BBIUMCIMTH IUIOIMAIb KPUBOJIMHEWHOM Tparie-
LI, OrPaHMYEHHOM MapaboIoi .y=x", mpsAMbIMA X=2 i X =3 1 ockio Ox (puc.8). Tlo
dopmyse (13.1) Haxoaum

313

3
S = Ixzdx =—| = 6%(1(6.80.)
2

2

4). y=-x"+4 u y=0.
Bemonaum noctpoenue ¢urypsi (puc.9). Mckomas miommaas 3aKioueHa Mexay Ia-
pabooit y=-x’+4u ocbio Ox.



Haiinem touku mepecedenust napadbossl ¢ ockto Ox. Ilomaras y=0, nHaiinem x==+2.
Tak xak naHHas Qurypa cUMMETpHYHA OTHOCUTEIBHO och (Jy, TO BBIYUCIUM ILIO-
ab (PUIYpBI, PaCIIOIOKEHHOM crpaBa oT ocu Oy, u MOTyYEHHbIN Pe3ysbTaT YIBOUM:

2 3 2
S, = [(=x* + 4)dx = (—%+4xJ
0

1
=5—(x8.e0.);
0 3(K6€ )

S =28 = 2*5% =10§(K6.€0.)

[
¥

ol x=f x23 x

Puc. 76

puc.8 puc.9 puc.10

5). y'=x, y>0, x=1 ux=4.
3nech TpeOyeTCsl BBIUMCIHTD TUIONIAIb KPUBOJIMHEHHON Tparely, OrpaHuueHHON
BEpPXHEH BETBBIO Mapaboiibl J =x, oceio Ox u mpsiMbiMu Xx=1 u x=4 (puc.10). Tlo

dbopmyne (13.1), rz[ef(x)=\/;, a=1 v b=4, naxonum
4 4 1 3/2|4 B 2x3/2|4

= X
Sz_[&dx:szdx:yz‘l— 3 ‘l

_ §(43/2 1) = %(8—1) = 4%(1«3.60.)

6). y=Sinx, y=0, x=0u x=r.

Nckomast mtomaas orpaHUUeHa MOJTYBOJTHOM CHHYCOUIBI M 0chio Ox (puc.11).
HNmeem

/4

S = Isinxdx =—cosx| =—cosz+cos0=1+1=2(keed.)
0 0

7).y=— 6x,y=0n x =4.

@urypa pacrionoxeHa moq ocbro Ox (puc.12). CnenoarensHo, €€ IUoaap Haxo-
M 1o hopmyre (13.3):

4 4

- I 6xdx

0

6x>

S =

= |— 48| = 48(ks.€0.)

0



8). y=(1/3)x’, y=0, x=-1 nx=2.

KpuByro nocrponm no toukam (puc.13). @urypa, orpaHuueHHas JaHHBIMU JIMHUS-
MU, pacroJiokeHa mo o6e ctoponsl ot ocu Ox. Takum obpazom, Tomanab GUrypsl
HaxoauMm 110 hopmyie (13.4):

0 5 410 412
S = le3dx +le3dx S L L ‘—L +E = 12(K6.e().)
°3 03 12] | 12], 12 12 12
¥
X=b
(i x
~5Xx

Puc.11 puc.12 puc.13

10). y=x"uy = 2x.

v 2 o
Jlannast gurypa orpanudeHa mapabonoit y=x" u npamoit y=2x . Jlnsg ompenenaeHus To-
YeK MEepPeCceueHus 3aJaHHbIX JIMHUM PELIUM CUCTEMY YPaBHEHUI

y=x
y=2x

x=0,
OTKYyJ1a HaXOOUM X -2x=0=x(x-2)=0<= [ 5 Hcnonb3ys i Hax0KIeHUS
X .

rckoMoi rwtomanu Gopmyiy (13.5), momyyunm



8 4
=4 ——=—(xe.e0.
3 3( )

2 252 32
S=[@x—x)dr=| -1
o5

11). 7x°-9y+9=0 u 5x*-9y+27=0.

3anueM ypaBHeHHs mapabon B Buze y=(7/9)x’+1 u y=(5/9)x’ + 3 1 NOCTPOHM ITH NapabOIHI .
JI71s Hax 0K IEHUST TOUEK WX TIEPECEUCHHS PEIIUM CHCTEMY

y=(7/9)x> +1
y=(5/9)x"+3

OTKy[a X;, =— 3, X, = 3. Tak Kak purypa ciMMeTpruiHa OTHOCUTENHLHO ocu Oy, TO HaIEM TOJI0-
BUHY €€ TUIOIIa 1, B3B Mpeebl HHTerpupoBanus ot 0 10 3, ¥ pe3yabTar yIBOUM:

sef{(8e 3] (Lo ez 20 =

S=2S,=8(xB.ex.).

=23-1) =4(xs.€0.)

X00 evinonnenusn padbomol:
1. BbIMONHUTE 3aJaHUsl IO BapuaHTaM, HCIOJb3ys MpU HEOOXOJUMOCTH METOJnYe-

CKHE yKa3aHUsl.

3aoanue: BeIMUCIUTD TI0MAL (DUTYPHI, OTPAHUYEHHOMN JIMHUSIMHU.
I-B

1).y=x2+2x+], y=I1-x, Ox;
2).y=x2+1, y=3-x;
3).y=\/; , V=X
4). y=3x°, y=0, x=-1, x=2;
). y=vx, y=r’

II-B
). y=4—x2, y=x+2, Ox;
2).y=x2-4x+3, Ox;
3).y=2—x2, y=x+2;
4). y=-x"-2x+8, y=0;
5). yZ%xz, y=d-x;

I1I-B
D.y=x’, y=2x-x°, Ox;
2).y=x2+4x+4, y=x+2;
3).y=6x2, y=(x-3)(x-4), Ox;,
4). y=x"+1, y=0, x=-1, x=2;
5). y=2x-x2, V=X,



2.IIpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aIIUTE MPAKTUUECKOM padorTe.
3alUTUTh BBIIOJIHEHHYIO paboTy.
Bonpocet 0na 3auwgumor:

1. Jlaiite onpeneneHne KPUBOJUHEHHON TPANEIUH.

2. BBenute BUIBI IITOCKUX UTYD.

3. @opMyJIbl ISl HAXOXKACHUS TIIOMIAIeH IIIOCKUX PUTYD.

4. Yemy BBl HAYYHJIUCH NP BHITIOJHEHUU MTPAKTUYECKON pabOThI?



IIpakTuyeckas padoraNel3.
Tema: {nddepeHunajibHble YPABHEHUS C PA3JeJISAIOIMIMMH ePEeMEHHbIMM.

L]env: oTpaboTaTh HABBIKK penieHus AuddepeHIuanbHbIX YpaBHeHU [-0T0 opsaka ¢
pa3lIeSIONMMU TEPEMEHHBIMU U YMEHHUS HaXOIUTh UX OOIIUE U YaCTHBIE pellie-
HUS;

Kpamxkue meopemuueckue ceedenusi:
e OcHoBHbIC NOHATHA AU PepeHIIHATBHBIX YPABHEHH .
e JIuppepenumnanbubie ypaBHeHH IEPBOI0 MOPAAKA ¢ pa3leJeHHbIMU Nepe-
MEHHBIMH.
o JIuddepeHuuaibHbie YPABHCHUS C PA3AeJAOMIMMHUCH MePeMEHHBIMU.

1. OcHOoBHBIE NOHATHSA AU(PPepeHINATBHBIX YPABHECHUI.

Onpeodenenuel : InddepeHnnanibHbIM ypaBHEHHEM HA3bIBAETCSl YPaBHEHHUE, COAEPIKALIEE

dy
~ ’ —_—
MPOU3BOJIHBIC OT UICKOMOMW BEJIMUMHBI UK ee quddepeHuuanst. | Y = e

IIpumep: y' =8x wmm xdy =2ydx

Onpedenenue?: Pemnth qudpepeHnnanbHoe ypaBHEHHE, 3HAUUT HAWTH TaKylo (PYHKIUIO
OT X, KOTOpasi yJIOBJIETBOPSIET JaHHOMY YpaBHEHUIO, TO €CTh 00OpaIaeT 3To
ypaBHEHUE B TOXKAECCTBO MPH MOICTAHOBKE €€ B YpaBHEHHE BMECTO Y.

Onpeoenenue3: YpaBHeHHE, COJIEprKallee MPOU3BOIHYIO WK AU PEepeHLInaibl HE BbILIE
NEPBOIO MOPsAJKa, Ha3bIBaOTCS AU PepeHnanbHbpIMU ypaBHEHUSIMHE | 1o-
psijka.

b _ 2x
Ilpumep. dx

y=x"+C - obluee peleHie ypaBHEHH,
nmpu x=Ly=3=C=2=
y=x"+2 - yacTHOE pelICHNUe

Benewm omnpesenenne o01ero 1 4acHoro pemieHui auddepeHnaibHOT0 YPaBHEHUIN:
Onpedenenued: 1). Pemienue, copepxariee Mponu3BOIbHYIO TOCTOSHHYIO C, Ha3bIBACTCS
OOIINM.
2). Pemienue, B KOTOpOE NOACTaBJIEHA TPOU3BOJIbHAS TTOCTOsIHHAA C,
HA3bIBACTCS YACTHBIM PEIICHUEM.
3). JlanHbIe X ¥ Y HA3BIBAIOTCS HAYAJIbHBIMU yCIIOBUSIMH.

2. InddepeHunabHbie yPABHEHUS NEPBOr0 MOPAAKA C Pa3aeIeHHbIMH NepeMeH-
HBIMH.

Onpeoenenues: Ypasuenne suna f (X)dx+@(y)dy =0 rne f(x)e@(y)-nannsie GyHk-
LIUM, HA3bIBACTCS YPAGHEHUCM C PA3OCTeHHLIMU NePeMEHHBIMIL.



DT0 ypaBHEHHE MOXKHO 3anucath B Buge: [ (X)dx =—¢(y)dy u paccmatpusath Kak pa-

BEHCTBO JBYX Iu(depeHnnaios.
Pemath Takoe ypaBHEHUE HEOOXOAUMO C MTOMOIIBI0 HHTETPUPOBAHUS JICBOW U TIPAaBOM Ya-

CTH.
Ilpumepeol:

2 2

1). xdx+ ydy =0, xdx = —ydy,jxdx = j(—ydy),% = —y?+C,y2 =2C—x". obmee

pelieHue B HesIBHOM dopme.

y=+2C —x* - pemmenue B IBHOM BHJIE.
2). 2ydy =3x"dx, j 2ydy = I3x2dX, y® =x’ +C- obmee pereHne B HESBHOH (opMe.

y= VX' +C - pEIICHUE B IBHOM BUJIE.
3). 2ydy =(1 —3x2)dx,j2ydy = J(l —3x%)dx,y* =x—x" +C -0bmee pelcHne B HESBHOI

dbopwme.
y=+/x—x"+C - pemenue B SBHOM BHUJIE.
4). Haiit yactHoe pernienue nudpepeHImalbHOro ypaBHEHUS:
dy = (x* =Ddx , ecin y=4 npu x=1.
Pemenue:

3
Idy = J.(xz —Ddx,y = % —x+ C - ob1ee perieHue.

1 - - 14 . 14

IToncTaBuM 4=§—1+N,N =?,Tor):[a y=%—x+?-qaCTHoe pelLIeHne.
D B D[ )yt =nfr— 1]+ C,Iny+1 = Inft—1]+ InC.
5). y+1 x-17y+1 x—1 )

y+1=C(x-1)

3. lud¢epennuanbHbie ypaBHEHHS ¢ Pa3AeJSOIIUMUCH NepeMeHHbIMU.

Onpedenenue6: Ypasaerne suna f (X)F(y)dx +@(x)D(y)dy =0,
rae f(X), F(y),p(x),P(y) - 3anannble GyHKIMU, HA3BIBACTCS YPAGHEHU-
eM € pazo0eNaouUMUCS NepeMenHbIMU.

Aneopumm pewenusi:

, d
1. BhIpaxaroT Ipon3BOIHYIO (yHKIMH uepe3 nuddeperupans dx u dy (y = d_zj

2. UYneHsl ¢ oquHAKOBBIMU JU(depeHIInaIaMi MepeHoCAT B OJIHY CTOPOHY PaBEHCTBA
U BbIHOCAT quddepeHnnan 3a CKooky.

Pazpensror nepeMeHHbIE.

HuTerpupytor o0e 4acTy paBeHCTBA U HAXOAST 001Iee pelieHHe.

Ecnu 3amanel HaganbHbIE YCIOBUS, TO HAXOAST YaCTHBIE PEIICHHS.

o

Ilpumepeol:



a). Hatimu obwee pewenue ougpepenyuanvHulx ypasHeHull.

1). x(y* =Ddx+ y(x* +1)dy =0
1. [Tpou3BogHAas BeIpakeHa yepe3 auddhepeHIuabl.
2. x(y* =Ddx=—y(x* +1dy.

xdx  ydy

331 Yol
xdx vdy
4'Ixz—kl_ J.yz—l
I );dx = x2+1=t,2xdx:dt,xdx:ﬂ = ﬂzlln‘t‘+C:lln‘x2+l‘+Cl
x”+1 2] Y2t 2 2
xdx ) dt | /| 1.,
— = —1=t2ydy=dt,ydy=— |=—| —=—=Injt|+ C=—=In|y" —1|+ C
jy2—1 [y T T i 2‘y +C,
1
IIycts C, =C, =EIHC, Torma
l1n\x2+1\=—11n\y2—1\+11nc,
2 2 2
(x> +D(y* =D =C
2). y'=xy".
dy
1. 3amenum Y’ Ha E , IOJIyYUM:
dy 2
dx_xy .
2. dy=xy’dx .
d
3, 5 = xdx
y
dy 1 X - 2
— =|xdx,——=—+N,y=—
T Ly R

3). (1+x*)dy—2xydx =0
1. IlpousBoaHas BeipaxkeHa uepes nuddepeHinmanisl.
2. (1+x*)dy = 2xydx .
dy _ 2xdx
Ty C1+x
dy 2 xdx
4. -[ 7 - I 1+ x°

J‘ 2xdx

5 =[1+x2 =t,2wx=df]=j%=ln\t\+cl =1n‘x2+1‘+C1
X



d
I_y:m‘y‘“LCz,
y

[Mycts C, =C, =InC, Torma
Injx* +1/=In|y[+In C,

(x*+1)=y-C,
_x2+1
YT ¢

4). 1+y' +y+xy'=0.

, A
1. 3amenum Y Ha E,HOJ’Iy‘{HMI
1+@+y+x-ﬂ=0,
dx dx

2. YMHOXUM BCe ypaBHEHHUE HA dX:
dx+dy + ydx+ xdy =0.
Crpymmmapyem: (1+x)dy +(1+ y)dx=0.
3anuiieM Mojay4YeHHbIC BhIpaKeHUs B pa3HbIX yacTax: (1+x)dy =—(1+ y)dx
3. PazgenuM nepemMeHHbIE:

dy _  dx
I+y 1+x°
“n 6e wactu: [ 2 =—[-&*
. Muterpupyem o6e wactu: |-~ y o x
| b _ [ dx Jdnfl+y| = —Infl++InC,l+y L ——
I+y I+x I+x 1+x
0). Hatioume uacmnoe pewienue:
1). 2ydx = (1+ x)dy , ecim y=4, x=1.
1. IlpousBoaHas BeipaxkeHa uepes nuddepeHimanisbl.
2. 2ydx = (1+ x)dy
2dx dy
3.7 T .
I+x vy
2d. d
A l_x = [ZX21n[1+ 2 =In[y|+ C.In(1+ x)’ =In|y|+In C,(1+x)* = Cy,
+x y

5. Tak kak y=4 u x=1, TO (1+1)*=C-44=4N,N=1.

2
3naunT yacTHoe pemenue npu C=1 umeer Bug: Yy = (1+x)°.

2). (1+x>)dy =3x*ydx , ecim y=2, x=0
1. IlpousBoaHas BeipaxkeHa uepes nuddepeHinmanisl.
2. (1+ x3)dy = 3x2ydx .



dy 3x’dx

3.7_1_{_)63.

. Id_;:j3Xde

1+x°

[ T By L S RcE Y

j@ =In|y|+ C,.In|y|=Inl+ x’|+In C,y =C- (1 +x")
y
5. Tak kak y=2, x=0, To:
2=C-(1+0°),N=2.
3naunT yacTHOe pemenune mpu C=2 umeer Bux: Y = 2(1+ x),

Xo00 evinonnenusn padoomol:

1. BeimomHuTh 3amaHusl IO BapwaHTaM, MCTONB3YS MPU HEOOXOIUMOCTH METOIHNYE-
CKHE yKa3aHUS.
3aoanus:

BapuanTt Ne 1: Bapuant Ne 2:

1. HaitguTe oO1iee perieHrne ypaBHCHH:

1). dx =(4y—-3)dy 1). dx =5y +1Ddy

2). ydx = 2xdy 2). 4ydx = xdy

3). x’dx+ ydy =0 3). xdx + y*dy =0

4). dy + xdx = 2dx 4). ydy +dx =2dy

5). (v +Ddx =2xdy 5). Oy —Ddx = xdy

6). (1+x>)dy —(xy +x)dx =0 6). (y—x"y)dy+ (x+xy*)dx=0
7). ¥'=y*cosx 7).y —y—1=0

8). yvdx—dx+xdy =0 8). ¥ +2x°y +2xy—-2x=0

2. HaiinuTe yacTHbIEC pEIICHUS YPABHEHUI:

2d 2dy d
1). —y:1+x2,ecm/1 x=0,y=0 . == -==0, ecm x=0,y =42
dx y X
2\ dy
2). (1+ y)dx—(1—x)dy =0, 2). U—x )E+xy=0,
ecii x=0,y=1 ecmd x=0,y=4
18X
3). y+——=0, 3). ydx+ctgxdy =0,

clgy



ecnu Y=

s X =

N

— ——lx—z
3 eciau y , 3

2.IIpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aIlIUTE MPAKTHUUECKOI padoTe.
3alUTUTH BBIIIOJHEHHYIO paboTy.

Bonpocwt 0na 3augumer:

1.
2.
3.

Jaiite mousTre AuddepeHnnaIbHOro ypaBHEHUSI.

BBenuTe MoHATHE YaCTHOTO U OOIIETO PEIICHHIA.

Cdhopmynupyiite ornnuune nuddepeHnanbHOro ypaBHEHHs ¢ pa3IeIeHHBIMU U
pa3AeNAIONIUMU IEPEMEHHBIMH. .

OOBbsacHUTE HA CBOMX YPABHEHHSIX aITOPUTM petieHus 1uddepeHnanbHbIX ypaB-
HEHUI MEePBOTO MOPSAKA C Pa3ACNIAIOIIUMUCS IEPEMEHHBIMH.

YeMy BbI HAYUUJIUCH NP BBIMOJIHEHUN MPAKTHUECKON paboThI?



IIpakTuyeckas padoraNel4.

Tema: InddepeHunabHbie yPABHEHUS NePBOro nopsiaka. Oouiee U 4acTHoe penie-
HHSL.

L]env: oTpaboTaTh HABBIKK penieHus AuddepeHuanbHbIX ypaBHeHHH [-0ro nopsika u
YMEHUSI HAXOJIUTh UX OOIINE U YACTHBIE PEIICHUS;

Kpamxkue meopemuueckue ceedenusi:
e OcCHOBHBIC IOHATHS.
e Peurenue JuHeHHbIX AU epeHIHATBHBIX YPaBHEeHHH MeToa0oM bepnyJum.
e 3agaua Komm a5 JuHeHOro nud¢epeHnuajbH0ro ypaBHeHus epBoro 1mno-
psaKa.

1. OcHoBHBIE TOHSATHSI.

Onpeoenenue: Ypasaenue Buga Y + py =¢q,rae P U ¢ - GyHKIUM IIEPEMEHHON X MIIN
MOCTOSIHHBIE BEJIMYMHBI, HA3bIBACTCS IUHEUHBIM OUPDepeHYUAIbHbIM YPAG-
HeHuem nepeo2o nopsoKa.
3ameuanue: YpaBHeHHE HA3bIBACTCS TUHEHHBIM, TaK KaK KCKOMasi PYHKIUS Y U €€ MPOU3-
BOJHAs Y BXOIAT B 3TO yPABHEHHME B IIEPBOIi CTEIICHU.

,, 2 d
[IpuMepsL: ). y +% =(x+1)°, 6). y"+2xy=0, B). d—i;+xy2 =(x-3)%,
x
Pemenue: YpaBHeHue a). sIBIsICTCS JIMHEHHBIM JuPepeHIInanbHbIM YPAaBHEHUEM TIEPBOTO
IOPSKA, TAK KaK y ¥ ' BXOJAT B IEPBOM CTENEHH, a P = E g4 =(x+ 1’

[V} n
YpaBHeHwus 0). U B). HE ABJSIOTCS JIMHCWHBIMH, TaK KaK OHU COJIEp)KAT y U Y

2. Pemrenue suHeHHbIX AU epeHIHATbHBIX YPABHEHUH MeToA0M bepHyiin.

UtoOs! permuTh nuddepeHImanbHoe ypaBHEHHE TIEPBOTO MOPSIKA € TPaBOMl 4acThIO (
g #0), Hy’)KHO CBECTU K YPaBHEHHUIO C Pa3JICSIONIMMHUCS TIEPEMEHHBIMHU.

[Tpu pemeHny Takux ypaBHEHUH MPUMEHSIIOT Menmood beprnyniu. JIs 3TOTO HCTIOIB3YIOT
IIOICTAHOBKY Y = uv , B PE3yJbTaTe KOTOPOM ypaBHEHHE Y + PY = ¢ CBOANUTCA K JBYM
YPaBHEHUSM C Pa3eISIIONTUMUCS TTePEMEHHBIMHU:

u'+pu=0uv'=¢q,rne U uV - HOBBIE GyHKIIUY TTIEPEMEHHOM X.

Onny u3 3TuX QYHKIMHA MTOAOUPAIOT TaK, YTOOBI ypaBHEHHE, COJEpIKalee APyTryo QyHK-
10, CTAJI0 YPABHEHUEM C PA3ACISIONINMUCS TIEPEMEHHBIMH.

IIpumepsl: Pemnts ypaBHEHUS.



, 3
1. y ——y=x,
X
Pemenmne:
Ilycte y=uv,torma y'=u'v+uw'. IloncraBum y u y' B HCXOMIHOE YpaBHCHHUE:

u'v+uy' —=uv =x,
X

)3 :
ulv ——v |+uv==x.
X

O603HaYMM: u(\/’ 3 V) +tuv=x. (1)
x

[TpupaBuseMm k 0 ko3 puirent npu u :

(V’—Evj =0.
x

Pa3znenvum nepemeHHbIe B TOJTyYEHHOM YPABHECHUU:
3 dv_3v dv 3dx

14
vV——v=0—=—,—
X dx x v X

[IpouHTErprpyeM MOTYYEHHOE BBIPAKEHUE, TIPU 3TOM ITycTh C=0:

dv 3dx
— = I—,lnv =3lnx,v=x".
v X
[ToxcTaBuM HalieHHOE 3HaYenue v =x" B ypaHeHue (1):
r..3
ux ==X

PemmM 310 ypaBHEHUE pa3ernsis IepeMEeHHbIE:

du ; dx dx 1
—x =x,du=—,|du=|—u=—+0C.
dx x* I J.x2 X

1
[MoxcraBuM v=x"u u=——+C B y =uv, IOIY4UM:
X
1
X

2). y' + ytgx = cos” x,
Pemenne:
IIycte y =uv,torna y' =u'v+uw’' . IlogcTaBuM y 1 Y’ B HCXOIHOE YpaBHEHUE:

u'v+uv' +uvtgx = cos’ x,

u'v+u(v' +vigx) = cos” x.

O6osuaunm: u'v+u(V' +vigx)=cos’ x. (2)
[Tpupasusiem k 0 kod3hHUIUESHT PH U :

(v +vigx)=0

PaziesiiM repeMeHHBIE B TI0JYYEHHOM YPaBHEHUH:

V' +vigx = O,ﬂ = —vtgx,ﬂ = —tgxdx.
dx v

[TpounTerpupyem noay4eHHOE BbIpaKeHUE, IpHU 3TOM ImycTh C=0:



dv
15

= —J. tgxdx,1n|v| = 1n|cos X

,V=COSX,

[ToncraBum HalilecHHOE 3HAYEHUE V =COs X B ypaBHEHUE (2):
u'cos x = cos” x.
PemuM 310 ypaBHEHUE pa3jensis IepeMeHHbIE:

dx

du .
~—cosx=cos’x,du zcosxdx,J.du :Icosxdx,u =sinx+C.

[ToacraBuM v=cosx u u=sinx+C B y =uv, IOJy4NM:

y = (sinx+C)cos x.

W3 paccMOTpEHHBIX TPUMEPOB JIETKO YCTAHOBUTD @I20PUMM PeuleHus TMHEHHOTOo aud-
(bepeHInaTbsHOTO YpaBHEHUS MIEPBOTO MOPSIKA:

1.
2.

[IpHBOAAT ypaBHEHHUE K BULY Y + py =¢ .

Hcnonp3ys NOJCTAaHOBKY Yy =uv, HAXOIAT y' =u'v+uv' ¥ MOACTaBISIOT 3TH 3HaYe-
HUS B ypaBHEHHE.

['pynnupyroT uieHsl ypaBHEHUs], BBIHOCUT OJIHY U3 QYHKUMHA U uiau V 3a CKOOKH.
HaxoznsaT BTOpyto pyHK1HIO, IPUPABHAB BbIpakeHUE B CKOOKax K 0 ¥ pemmB nomy-
YEHHOE YPABHEHUE.

[ToncTaBnsioT HaillIeHHYIO (YHKIMIO B OCTABIIEECS BBIPAXKEHUE U HAXOAAT BTOPYIO
(yHKUHIO.

3anuchIBatOT O0LIEE pelIeHUE, TIOICTABUB BBIPAKEHUS JUIsl HAMICHHBIX (PYHKIUN U
UV B paBEHCTBO Yy =uv.

Ecin TpeOyercs HaliTH 4acTHOE pelleHue, To onpeaessstoT C u3 Ha4aubHBIX YCII0-
BUH U MOJCTABIISAIOT B 0011€€ pelICHHUE.

3). @cosx+ ysinx =1,
dx

Pemenmne:
1. [lpuBeneM ypaBHeHUE K BULY V' + Py = :
PaBI[eJ'II/IM BCC YJICHBI ypaBHeHI/Iﬂ Ha COS X:

G
dx YIS

1

CoS X

/ d ] ’
2. Ilomaraem y=uv; y =d—y=uv+uv .

X

HOI[CT&BJ]S[H BBIPAKCHUA, UMCCM!

u'v+uv' +uvtgx =
WJIN

u'v+u(v' +vigx)=

COS X

3)

CcoS X

3. Iycte V' +vigx =0,
Pemm ero, pazaenus nepemMeHHble U npounterpuponas (C=0):



@ +vigx = O,ﬂ = —vtgx,@ = —tgxdx,jﬂ = —thxdx,lnv =Incos x,
dx dx v v

V =COS X.
4. IlonctaBuMm B ypaBHeHUE (3), TOITy4UHM:

u'cos x = ,
COS X

Pemum €ro, pa3aCiinB IICPCMCHHBLIC!

du 1 du 1 dx dx
—COS X = ,— = > ,du = > ,Iduzj—z,u:tgx+C,
dx cosx dx cos“x CoS” x CoS”™ x

5. [TogcTaBuM BhIpaKEHUS JJIsl HAMICHHBIX PYHKIIUNA U 1 V B paBEHCTBO y =uUv :

y =(tgx +N)cos x.

4

4). =2y =(-x")e".

Pemenmne:
1. ITpuBeneM ypaBHEHUE K BUILY y+py=gq:
YMHOXHUM BCE€ YJICHBI YPAaBHEHUA HA X :

vy =2yx= (x—x)e" .

! d ! 14
2. Ilomaraem y=uv; y =d—y=uv+uv .
X

[ToncraBiisisi BEIpaXKeHUs, UMEEM:
u'v+uy' —2xuv =(x—x° Y
13805
u'v+u(v' —=2x) = (x—x>)e* 4)
3. Hycts V' —2xv =0
Pemim ero, paznenus nepemMeHHble U npounterpuposas (C=0):

ﬂ—va =O,ﬂ=2xdx,jﬂ=2J‘xa’x,lnv=x2,v=exz.
dx V V

4. IToncraBum B ypaBHeHUE (3), MOTYyUUM:
2 2
u'e” =(x—x)e".
Pemnm ero, pa3ienuB nepeMeHHbIE:

2 4
X X

du
- _x3’_— J— 3’d — — 3 d 5 d e — 3 d S —____|_
Uu=x x—x",du=(x—x")dx . u I(x x7))dx,u C

5. [logcTaBuM BhIpaKEeHUSA JJIsl HAMICHHBIX PYHKIIUNA U 1 V B paBEHCTBO y =uv :
2 4
x° x 2
y=|——-—+C le" .
2 4

3. 3agauya Komm aj1s1 iuHeHHOT0 U@ depeHIHaTbHOT0 YPABHEHHS NIEPBOro Nopsi-
Ka.



2

' 4 4
5.y _;)’:x cecm X=Ly=—.

1. YpaBuenue BBugEe Y + py =4 .

d
2. ITonmaraem y=uv; y' = D v+ w
X
[ToacTarisisi BEIpaKCHUS, UMEEM:

4
uv+u' ——uv=x

X
NN

' ' 2 4
uv+u vi——v|=x (5)
X
, 2
3. Ilyctp v ——v=0
X

PemuwMm ero, pasaenus HCpCMeHHBIe " HpOI/IHTerI/IpOBaB (C=0)
dv 2 dv  2v dv

———v= O—:———2— ——2I—lnv—21nxv x’
dx x dx x v
4. IloncraBuM B ypaBHEHUE (5), MTOJTYYUM:
1.2 4
ux =x

PerrM ero, pa3aennB epeMEHHBIC:
du

3
x
—x*=x'du= xzdx,jdu = Ixzdx,u =—+C
dx 3
5. [loacTaBuM BbIpa)KE€HUA ISl HAMICHHBIX PYHKIUNA U 1 V B paBEHCTBO Y = uv
3
X 2
y=|—+C|x
4
6. Takkak X =1,y =—,
Haiinem C:
4 13
- +C [I>,C=1.
3 13
CrnenoBaTeslbHO YaCTHOE PELICHUE UMEET BUJL:

¥ , 5
= =—+1|x" wm y=—+x".
Y (3 Y73

X00 evinonnenusn padoomol:

1. BeIinmoaHuTh 3alaHud 110 BapHaHTaM, HCIIOJIB3Ys IIPpU HCO6XOI[I/IMOCTI/I MCTOAUYC-
CKHUC YKa3aHU:.

3aoanus:
BapuanTt Ne 1: Bapuant Ne 2:

1. HaitoguTe oO1ee pernieHrue ypaBHEHHI:



1. y'=2y=3 1. y—y=1

2) xy'+2y:x2 2) xyl+x2y:x2
D2y : dy .
- = =(x+1 — — yctgx =Sin x
D x4 x+1) 3). -~ yerg
y 2y |
4). (x_|_1)3 _(x+1)4 =1 4). (x+1)y _2y:(x+1)4
5)- (1+x2)y’__xy:2.x 5). yrx+2y:x3

2. HaiinuTe yacTHbBIEC PELICHUS YPABHECHUM:

' 1
D). xy'+y=x",ecm x=1,y=2 1). xy'—y=x", ecnu X=1,y=§
, dy 1
2). y —yigx = : 2), o ygx=—"5—,
COS X dx coS” X
eciii x=0,y=0 ecid x=0,y=0
dy 3 dy 2 1
._y__yzex.x‘g, 3)._y+_y:_2,
dx x d« x x
ecin y=e,x=1. eci y=1,x=2,

Bonpocet 0na 3auwgumor:
1. OcHoBHbIE OHATUA U (DEPEHIMATBHBIX YPaBHEHUI MIEPBOTO MOPSAKA.
2. Pemenne nunelHbIX qudpepeHnnanbHbIX ypaBHEHUN METOI0M bepHyIIiIn Ha CBOUX
YpaBHEHUSIX.
3. 3agauya Kowmm ayig nuneliHoro AuddepeHuuaibHOro ypaBHeHUs IEPBOTO MOPSIIKA.



IIpakTuyeckas padoraNels.
Tema: Pemienue nuppepeHua bHbIX YPABHCHUH MEPBOI0 MOPSAIKA.

L]enwv: oTpaboTaTh HABBIKK perieHus quddepeHInaIbHbIX YpaBHeHHH [-oro nmopsiika u
YMEHHs HAXOJIUTh UX OOIIUE U YACTHBIC PEIICHHUS;

3aoanus:
Bapuanr 1.

D). x(y* —6)dx—4y(x* —Ddy =0

2). 3ydx =1+ x)dy , ecnmu y=2, x=-1

3). (1+x))dy =2x" ydx , eci y=-2, x=1
y 2y

_ —1
4. (x+1* (x+D*

dy 3y . 3

___:e -x — =
5). I x , ecnm y=e, x=1.
Bapuanr 2.

D). x(y* =2)dx+4y(x* +1)dy =0

2). Sydx =(1-x)dy , ecnmu y=1, x=-2
3). (1+x")dy = 2x’ydx , ecnn y=0, x=1
4. (x+1)y' —2y=(x+D*

dy 2 1
d_i + 7)) = 2 ecnu y=1, x=2.

5).



IpakTueckasi padoraNel6.

Tema: UucjieHHbIE PAAbL, CXOAMMOCTb U PACXOAUMOCTH PsA0B. Pa3jioxkeHnue 3j1eMeH-
TapHbIX PYHKUUU B psajg MakjiopeHa.

Llenv: oTpaboTaTh HABBIKK HAXOXKIECHHUS JIEMEHTOB PsiZia C IIOMOILIBIO N-0T0 WIEHA, HAYYUTh HC-
CJIeJIOBaTh Psi/ibl HA CXOIMMOCTb, PACKIIaIbIBaTh AJIeMEHTapHble (PyHKIMHU B psit Makiope-
Ha.

Kpamxue meopemuueckue ceedenusi:
e OCHOBHbIE IOHSTHSI YMCJICHHBIX PSIZIOB.
e Heo0xonuMpblii IPU3HAK CXOAUMOCTH YHCJIOBBIX PS/IOB.

e JlocrarouyHble MPU3HAKH CXOAMMOCTH PSI/IOB.

e 3HakomepeMeHHbIE M 3HAKOUYEPeAYIOLIUeCs PsAAbl. AOCOJIIOTHAS U YCJIOBHAS
cxoauMocThb. Ilpusnak cxomumoctn JleiiOHNIA 1JIA 3HAKOUYEPeAYIOIIUXCH Psi-
J0B.

e CreneHHble psiabl.

e Paszyoxenue pyHKUUN B CTENIEHHbIE PAABI.

1. OcHOBHbBIE IOHATHS YHCJIEHHBIX PsAI0B.

UncnoBbIM psiZIOM HA3bIBACTCSI CyMMa BUJIA

o0
D, =uy by fuy o,

n=l1

TJIC YMCIA Uj, Up, U, ..., Uy, ..., HA3BIBAGMBIC WICHAMH PsJIa, 00pasyroT OGCKOHEUHYEO ITOCIIEIOBA-
TEJIHOCTb.

DIIeMEHT 1, Ha3bIBACTCS OOIIM JIEMEHTOM PsiJia.

OO003HaYMM CyMMY 71-TIEPBBIX AJIEMEHTOB psiia uepes S, T.€.

S,=u;+uy+uzt+...tu,

[Ipu u3mMeHeHnn n MEHSETCA U S,,.

BozmoxHo 2 cityyas:

1. Bemunna S, ipu n —> commeer nipeaen S, t.e Im S, =§
X—>0
B 3TOM CJTy4ae Psiji Ha3bIBACTCST CXOISAIIAMCS.

2. Bemmumna S, 1ipu 1 — oo TIpe/IeNia He UIMEET WM TIPEJIEN €€ paBeH oo . Torma psii Ha3bIBaeT-
Csl paCXOJISIILIIMCS.

ITprmepsr:



I 1 1 1
1)'I[aHpm5+Z+_+m+ +...

8 2"

Hccnenyem ero Ha CXOIMMOCTb.
Psin cocTaBiieH U3 311eMEHTOB OECKOHEUHO YOBIBAIOIIECH FEOMETPHUUECKOM MPOrpeccuu, 3Ha-
bl
l-g¢g .

4ur §, =

1

Breruiciim , ﬁg}o S, =lm —2__ , CIICTIOBATEITLHO, PSII] CXOIUTCS .

n— - l
2
n+1 n+2
2). 3anucars psiji 1O €10 33JAHHOMY OOILIEMY YWJICHY: Q). U,= X ;0). u,= n—1 ;
3n
B). U,= ; .
Pemenue:
1+1 2
1). Ionaras n=1, n=2, n=3, ..., iMeeM OCCKOHEUHYFO TIOCIIeIOBATEIILHOCTD YHCEIT: U= =S
2+1 3 3+1 4 .
, U= T uz= g C10X¥B €ro WieHbI, TIOJTy9HM PSIT;
“n+l 2 3 4 n+1
> ==+t =+t
2" 2 4 8 2"

n=1
2). Ionaras n=1,n=2, n=3, ..., iMeeM OECKOHEUHYO ITOCIIC/IOBATEIILHOCTh YHCEIT:

u 1+2 EM = 2+2 _iu = 3+2 _é CHO)KI/IBGIOLUICHBI TI10. .
Vs o 1 T a1 3" T oe3_ 5 » TTOMYHHM P

-~n+2 3 4 5 n+?2
> =24+ 4+ +
“~5,-1 1 3 5 -1

3). Beipaxxenue Bua n!- Ha3bIBaeTCs n-(PaKTOPHATIOM.
1'=1 ( Omun-axropuar.)

21=1*2=2 (J1pa-hakTopuaJ.)

31=1*2*3=6 (Tpu-¢axropuain.)

ni=1*2%3*__ *n,

(n+1)\=1%2%3%__ *p¥(n+ 1),

Haiiiem unensl psiza:
3" 3 32 9 33 27
Uy=—=—U,=—=—"T",U; =—— =—"—""",...
o1 21 1%2 31 1%2%3

39 27 3"

[Homyunm :w—:—+ + o+
pﬂﬂ;n! 1 1*2 1*%2%*3 n!




o o 1 1 1
3). Haiitu n-i1 uneH psia, o JAHHBIM €70 TIEPBbIM WICHAM: a). 3ttt ;

7
V23 .1 2 3
0).1+ + oy B+
1*2 1*2%*3 3 4 5
Pemenwue:

a). 3HaMEeHaTeNN YICHOB psijia , HAYMHASI C TPETHETO , SIBISFOTCS HeUETHHIMU YMCTIAMHU, CIIEIO0-

BaTEJIbHO, /-1 WIEH psifia UMEET BUJI: et
n+

0). Yucnuren 4ieHOB psijia MPEICTaBISIIOT COO0M KBa/IpaTHbIC KOPHHU M3 HATYPATBHBIX YHCET,

Jn

a MX COOTBETCTBYIOILIME 3HAMEHATEIN PABHBI 71!, CIIEIOBATENIBHO OO WIEH Psijia UMEET BU; — -
n!

B). UriciMTesm 4ieHOB psiia 00pas3yroT HaTypTBHBIN Psifi YHCEIN, 2 COOTBETCTBYIOIIME UM 3HA-
MEHATeNV- HAaTYPAJIbHBIN PSIT YUCENT, HAYMHAS C 3 , 3HAYNT 71-1 WICH PsAia UMEET BUL;

n

n+2°
2. HeoOX0ouMpblii MPH3HAK CXOAMMOCTH YHC/IOBBIX PSIIOB.

Pan D u, =u, +uy +u +...+u, +... MOKET CXOTUTHCS TOJLKO TIPH YCIIOBUH , UTO €TO

n=l1

oOIuii "iIeH u, TPy HEOTPAHNYCHHOM YBEIMYCHUHA HOMEpA 71 CTPEMUTCS K HYJTIO:
limu, =0 - yeobxodumsiii npuznax cxooumocmu psaoa.

n—»0

o0
Ecmu limu, #0 | 10 pan Z U, pacxomuTcs- OTO JOCTATOYHBIN IPU3HAK PACXOIHU-
n—»0

n=1

MOCTH psJa.
3. locTaTo4YHbIe MPU3HAKHA CXOMMOCTH PS/IO0B.

1. TlpusHak cpaBHEHWS PSAJIOB.

Hccnedyemviti psio cxoOumcs, eciiu e2o wieHbl He Npeeocx00sin COOMEEMCMBYIOUUX YIEHO8 OpY-
2020, 3A6e00MO CXOOSUE20CS PSIOA, UCCTICOYeMblL PSIO PACXOOUMCS, eCTU €20 YeHbL NPEBOCX00SIM
COOMBEMCMBYIOUUE HIeHbL OPY2020 3A8e00MO PACXOOSUE20Cs PSIOA.

IIpu nccnenoBaHuK PSIIOB HA CXOMMOCTb M paCXOMMOCTB IO STOMY MPU3HAKY YacTo 2e0Memt-
putecKuii pao:

Zaq” =a+aq+aq’ +..+aq" +... (a>0),

n=1
KOTOPBIii cxomurest iy |q| < 1 1 pacxomurest tipu |q| > 1, n
2aPMOHUYECKUIL PAO:

Zl =1+1+1+...+l+... SIBJISFOLIMIACS PACXO/ISIIIFMCSL.

‘='n 2 3 n

A TaloKe 0000UIeHHBIIL 2APMOHUYECKUIL PAO:

ii—l+i+i+ +i+
2 TR



Ecrm p=1, To nanHbIii psin psia oOparaercst B rapMOHIYECKUI Psifl, KOTOPbIH SIBISIETCS pacxXoJist-
LAMCSL.

Ecmu p<1, T0 usieHsb! 1aHHOTO psiia 60JIbIle COOTBETCTBYIOIIMX WICHOB FAPMOHUYECKOTO Psiia U,
3HAYUT, OH PACXOIUTCSL.

Ecmm p>1, 10 psin cxoqures.
[TprsHak Jamambepa.

Ecmu ona pﬂaa C NOJIOAHCUMENTbHbIMU YIIeHAMU

Z”n =u, +u, +uy+..+u, +..(1,>0)
n=l

u
. n+l __ o
BbINOJIHACMCS YCIOBUE nhg}o u U mo oannwiii psao cxooumcest, ecau £ <1 u pacxooum-

n

ca, eciu U >1.

[Mpusnak {anambepa He qaet orBeta, ecian  =1. B aToM citydae i uccienoBanus
psia IPUMEHSIIOTCS IPYTUE TPUEMBI.

Ilpumepor: I/IccneﬂyﬁTe psAABI HA CXOAUMOCTH.

DY

m (2n —1)*2" '

Penienue:

P Z ! L, b, 1t
ACIINIIICM P =
P oy Zysgr T 1x2 3wn | 507 (2n—1)2"

a). HpOBepI/IM BBIITOJIHCHHUC H€O6XOI[I/IMOFO IIpU3HaKa CXOAUMOCTHU:

limu, =lim ———— =0, 3HaunT HEOOXOAMMBII MPU3HAK BBHITOTHICTCS.
n—o now (2n—1)2

0). [IpumeHuM JO0CTaTOYHBIN MPU3HAK CXOAUMOCTHU: MPU3HAK CpaBHEHUs. CpaBHUM
JAHHBIN Psii C TEOMETPUUECKUM PSIAOM

1 1 1 o
—+—+— +..+—+..., KOTOPBII CXOAUTCA, T.K. g=1/2<1.
2 20 2 2"
CpaBHUM 4JIEHBI TAHHOTO Psi/ia , HAUWHASI CO BTOPOT0, C COOTBETCTBYIOIIUMU YJIE€HAMHU
r€OMETPUYECKOTO psAJla, MOJTYyYUM HEPABEHCTBA
1 1 1 1 1 1
<= T < ST < e

3*2° 27 5%2° 2 (2n-1)2 2

T.C. WICHBI JaHHOTO PsiAAdd, HA4YWMHAasA CO BTOPOIro, COOTBCTCTBCHHOI'O MCHBIIIC YJICHOB
reOMCTPHUICCKOIO piaaa, OTKyda CICAYCT, 4TO ,HaHHBIﬁ pAx CXOOUTCA.

2)2

Penienue:

n+1

Pacnumem psin: z "o

1
on+1 2

3
—4+...+
4 n+l1

2
+—+ +....
3



a). [IpoBepum BbINIOIHEHUE HEOOXOIMMOTO MPHU3HAKA CXOJAUMOCTH:

. . n 0 . 1 .
limu, =lim——= (—) = hm—1 =10 . 3HauuT BBIMOJHACTCS JOCTATOUHBIN MTPU3HAK

n—>o0 n—w p 4 1 00 n—>0
I+—
n
PACXOAMMOCTH PsAa, CICIOBATEIBHO PAJ PACXOIUTCS.
= 2n
3). 2o
n=1 5
Penienue:

= Jn 2% 2%2 2%*3 2n
e e e e S e O
5 55 5 5

Pacniuiem psia:

a). HpOBCpI/IM BBIITOJIHCHHUC HCO6XO,Z[PIMOFO IIpU3HaKa CXOAUMOCTHU:

: . 2n .
limu, =lim— =0. 3Ha4yUT HEOOXOAUMBIN MPU3HAK CXOAUMOCTH BBIIIOIHAETCS.

n—0 n—0 5

0). [IpumeHuM qO0CTaTOUYHBIN MPU3HAK cXoAuMOCTH [lanambepa.

2(n+1)
n+l n
o Bt _ S =m(2(”+,1):2”j:hm 2(n+1) 5 :hm(n+1j:lhm(n+lj:
ooy n—o Zl n—o 5 5" now| 5k §" 2n n—o\  5p Snool
5}’[
o0 1 1+l 1
=| = |==lim| —1 |==<1
(X) 5'1—)00 1 5

CrnenoBatesibHO, JAHHBIN PSiJ] CXOUTCS.
= n!

—.
n=l1 3

Pemmnenue:

4).

I 1%2 1*2%*3 n!
+ +...+3—n+....

3 37 3?

a). [I[poBeprM BBINOJHEHHE HEOOXOAUMOTO MTPU3HAKA CXOAUMOCTH:

n
Pacrniumiem psin: 237 =
n=l

|
limu, = lim—— =0

n—0 n—0 3”

0). [IpumeHuM JO0CTaTOYHBIN MTPU3HAK CXOAUMOCTH psifia, npu3Hak JlamamoOepa:

(n+1)!
.U, . 3+l . ((m+D! n! L[ 1E2*F EFnF(n+1) 3"
hnz)—lzhrg) | :]JIrolo( ntl " gn =hn; %N i % k|
ooy, e N n— 3 3 n— 3*3 1%2% . *p
3”1

zlim[nTszoo>l



3HAYUT psii paCXOAUTCHL.

5 >

n=1 N

+...

P Z 1+L+L+ +L
ACIIMIICM PA: \/— 2\/5 3\/5 I’L\/;

a). HpOBepHM BBITIOJITHEHUE HEOOXOAMMOTO MPU3HAKA CXOUMOCTH:

limu, =lim =0

n—0 n—>»0 n\/_
0). [lpumMeHnM AOCTATOYHBINA MPU3HAK CXOAMMOCTH: MPU3HAK cpaBHEHUs. CpaBHUM
JAHHBIA P ¢ 0000IEHHBIM TAPMOHUYECKUM PSIIOM:

1 1 1
1+—3+—3+...+—§+...,

22 32 n2

KOTOpBIﬁ CXOOUTCs, TaK KaK p:3/ 2>1 , CJICAOBATCIIbHO CXOAUTCA U IIaHHBIP'I pAa.

4. 3HaKkonepeMeHHbIe U 3HAKOYEPeAYIOIIHECH PSAbl. AOCOJTIOTHAS M YCJIOBHASA CXO-
auMocTh. Ilpuznak cxoaumoctu JleitOHUIA 17151 3HAKOYEPeXYIOIIMXCS PAA0B.

Yucnosoii psan
u +u, +...+u, +... (1)
HA3bIBACTCS 3HAKONEPEMEHHbIM, ECIIA CPEIIU €TI0 YJICHOB UMEIOTCS KAK I1OJI0KUTEIIbHBIE,
TaK U OTPULATEIIbHbIE YUCIIA.

Uucnooii psia (1) Ha3bIBACTCS 3HAKOUEPEeOYIOWUMCSL, €CITHA JItOObIE, CTOSIIIUE PAOM
YJICHa UMEET MPOTHBOTIOIOKHBIE 3HAKH.

IMpusznak cxogumoctu JleiiOHMIA 11 3HAKOYEPEAYIOIIUXCH PS/IOB.
Ecnu unenvi 3naxkouepeoyrowecocs psoa (1) monomonno yowiearom no abCcortomuotul eeu-
yuHe u 0owul unen U, cmpemumcs K Hyao npu B —> 90, mo pso (1) cxooumesi.

DTOT NpHU3HAK SBISIETCS TOCTATOYHBIM MPU3HAKOM CXOJIUMOCTH 3HAKOUYEPETYIOITHUXCS
PAIOB.

3HakonepeMeHHbIN psifl (1) Ha3BIBACTCS AOCONIOMHO CXOOAUWUMCS, €CITA CXOAUTCS P

|+ 2),

COCTaBJICHHBIA M3 a0COJIOTHBIX BEJIMYMH €ro YJCHOB.

Ecnu 3HakonepeMeHHbIi psAJl CXOAUTCS, a psif (2)- pacXOAUTCS, TO JaHHBIN psii Ha3bI-
BAETCS YCIIOBHO CXOISIITUMCS.

[Tpu uccnenoBanuu psiaa (2) UCOIB3YIOT MIPU3HAKY CpaBHEHUS U J[amambOepa.

Ecnu psan (2)- cxogutces, To 3HaKOUEPEAYIOIMICS psAll a0COIIOTHO CXOJUTCS, €CIH P
(2) pacxoauTcst, TO 3HAKOUYEPEAYIOIUNCS PSAT CXOAUTCS YCIOBHO.

IIpumepsl:



HccnenoBaTh psAabl HA CXOAUMOCTH(20COMIOTHYIO MM YCIOBHYI0) 3HAKOUYEPEYIOIIN -
cs psA:

1 1 1 1 1
2 1"1—_1—— (=D
1. p (=D >t373 (-1 .

n=1

Pewenue:
UsieHsl TaHHOTO psiJia MO a0COIOTHOM BEJIMUMHE MOHOTOHHO YOBIBAOT:

1 1 1
I1>—>—>—>...

2 3 4
U limu, :]jmlzo,
n—>0 n—)oon

CrnenoBatenibHO, COTJIACHO NMpHU3HaKy JleOHuIa, psji CXOAUTCS.
BrisscanM, cxomuTcest OH aOCOTIOTHO WIIH YCIIOBHO.
Psan

b

I 1 1
I+—+—+—+...
2 3 4

COCTABJICHHBIN U3 a0COJIFOTHBIX BEJIMYHH YJIEHOB IaHHOTO Psijia, ABJISIETCS TapMOHHUYE-
CKHMM PSII0OM, KOTOPBIN Beeraa pacxoaurcs. [1o03ToMy qaHHBIN psifi CXOOUTCSA YCIOBHO.

2 3 4 n

2 (- 1)"+1 =l- =+ —— 4 A D" —
)- Z -1 3 5 7 2n—1
Pemeﬂue:
UiteHsI TaHHOTO PsiJia MO a0COFOTHOM BEJIMUMHE MOHOTOHHO YOBIBAOT:
2 3 4
I1>—>—>—>.
3 5 7
n 1

limu, =lim
HO n—o —)002n 1 2

Psin pacxoauTcs, Tak Kak npu3Hak JICHOHMIIA HE BBITTOTHSACTCS.

nl_ _l i_i n—1
3)2(1) R A

+...

PemeHue.
Ucnonbiys npuzHak JIeiOHuU1a, MOTyYnM:
1 1 1

I>—>—>—>
2 27 2

u limu, =lim— =0, 3gaunT pag cxoaures.

n—>0 n—wo

PaCCMOTpI/IM pAaAa, COCTaBJICHHBIN M3 a0COIIOTHBIX BEIUYHMH YJICHOB JaHHOI'O psaa:

I+=—+—=+—=+...+ +
2 22 23 2n71

DTO reOMETPUYECKUH Pl BUAA: Zaqn (q=1/2) , KOTOpPBI CXOIUTCH.
n=0

3HAUUT, TAHHBINA P CXOAUTCS aOCOITIOTHO.



" 1
0 XV 5

Pewenue:
Hcnonb3yst npuzHak JIeiOHuUIIa, TOTYyIUM:

1 1 1
>—>—>—>
2B

1
u limu, =lim— =0 3gauur pax cxomurcs.

n—>0 n—>0 n

+..+(=1)" L+

Jn

PaCCMOTpI/IM pAana, COCTaBJICHHBIM 13 a0COIIOTHBIX BEJIUYHH YJICHOB JaHHOI'O psaa:

I 1 1 1
I+ —+—F+—F+..+—+..

1 1 1 1
+ + + +...+—+... WK
2 BETTT ST
3710 0000IIEHHBII TAPMOHUYECKHM Psifl, KOTOPBIM pacXxoauTcs, Tak Kak p=1/2<1.
CJIGI[OB&TCJ’IBHO JAHHBIN PSAJl CXOAUTCS YCIOBHO.

5). Z( NER —:—%—2—22+%+2i;+...+(—1) 2 2%+
Pemenue.
Ucnonb3ys npusHak JIeitOHuA, TOTYyYUM:
1.,2.3,
2 27 2
u nhilgou = nh_I)IOlOi =0, 3gaunT pax CXOAUTCH.

PaCCMOTpHM P, COCTaBJIeHHBIﬁ n3 a6COJIIOTHI>IX BCJIMYMH YJICHOB JAHHOTI'O psAOa:
1,23
2 2% 23 2t T oom
UccnemyeM 3TOT psii Ha CXOAUMOCTD € MMOMOIIBIO Tpu3Haka Jlanamoepa:

lim un+1 _c)
n—0 un
n. n+l u,, n+l n  (n+1)-2" n+l
I/ln :_n’u”H = n+l = n+l * An = n+l =
u n+l 1
n—wo 1y e In ) , SHAYUT PAa CXOOUTCA.
n

CrnenoBaTesIbHO UCXOAHBIN PsIJT CXOAUTCST A0OCOJIFOTHO.

= 1 1 1 1 1
D EYT e e (D) ——+
6) ,,Z:;( ) GBn-1)> 2* 5* & D (3n-1)°

Pewenue:
UsieHbl TaHHOTO psijia MO a0COMIOTHON BEJIMUMHE MOHOTOHHO YOBIBAIOT:

111
25 g
_O.

U limu, =lim
n—o n—o 3n 1

CrnenoBartesibHO, COTJIACHO NMpU3HaKy JIeHOHuIIa, psi CXOAUTCS.



PaccMoTpuM psint, cocTaBIeHHBIN U3 aOCOMIOTHBIX BEIMYMH WICHOB JAHHOTO PAJA:
I 1 1 1

—t—t—F.t—+...
2° 57§ (Bn-1)°

CpaBHUM JaHHBIN Psijl ¢ 0000IIEHHBIM TAPMOHUYECKUM p=2>1:

1 1 1.1
2 e Ty
COCTAaBJICHHBIN M3 a0COJIIOTHBIX BEJINYHH, TOXKE CXOIUTCS.
CrneoBatesbHO, UCXOAHBIN PSAJT CXOAUTCS aOCOJIFOTHO.

1 o o
< pel TaK KaKk 000OIIEHHBI TAPMOHUYECKUM PSIT CXOAUTCS, TO U PSII,

5. CteneHnHble PsabI.

[TycTe nan psn:

fi(0)+ f,(X) +...+ f,(x) +... , WICHAMH KOTOPOTO CIyKaT HE YKCIIa, a PYHKIIUA apryMEeHTa X.
Taxko¥t psim Ha3BIBACTCS (PYHKYUOHATILHBIM.

Hpumep: 1+x' +x* +...+x" +..,n=0,L,...

Ecnu x naTth kakoe-1160 3HaueHue, TO (PYHKIIMOHAIIBHBIN PSI/i TPEBPATUTCS B YHCIOBOM.
Onpedenenue: COBOKYITHOCTh 3HAYEHUH, MPU KOTOPHIX (PYHKITMOHAIBHBIN PSII CXOUTCA,
HA3bIBAETCS 00JIACTHIO CXOJUMOCTH PS/Ia.

Cmenennbim psi0om Ha3bIBACTCS Psijl BUJA:

Zanx” =a,+a,x+a,x" +..+a,x" +.. (4)
n=0

b

rJe yucnia d,,d,,d,,... Ha3bIBaIoT KO3 duyuenmamu psioa, a 4WieH a,x" -00Wum YieHoM
psia.

Obaacmuvio cxooumocmu cmenenHo2o psi0a Ha3bIBae€TCsl MHOXKECTBO BCEX 3HAUECHUH X, IIPU
KOTODPBIN TaHHBIA PSAJL CXOIUTCS.

Uucno R HazwbIBaeTCs paouycom cxooumocmu psaa (4), ecnu npu ‘X‘ < R psig cxogures u

IIpY TOM a0COJIIOTHO, a MpU \x\ > R psi pacxoaurcs.
Pannyc cxoauMocCTH psiia MOKHO HalTH, UCTIOJIBb3Ys Tpu3HaK JlanamoOepa:

n+l

n+1X hm an+1 < 1

n—>0 a :
n

. |a
lim
n—>»o0 anxn

:‘x

3HAYUT, €CJIM CYHIECTBYET Mpeaes

R =1im D

n—»0 an+1

(a, #0,n=12,...) (*),

TO paJnlyCc CXOAUMOCTH psila R paBeH 3ToMy mpeneiy u psif (4) CXoauTces npu ‘X‘ <R, T0

€CTh B IPOMEKYTKE — R < x < R, KOTOPBIIl HA3BIBAETCS NPOMENCYMKOM (UHMEPBATOM)
CXo00uMocmu.
Ecnu npenen (*) pasen 0 (R=0), To psia (4) cxoaurcst B €eIMHCTBEHHOU Touke X=0.



Ha xoHI1ax mpoMexyTKa psii MOXKET CXOAUTHCS (aOCOTIOTHO WM YCIIOBHO), HO MOXKET U
pacxoautcs. CxoaumocTs psiga (4) mpu x=—R 1 x = R uccienyeTcs ¢ MOMOIIbI0 KaKOTro-
MO0 MPU3HAKOB CXOJAUMOCTH.

IIpumepsl:
n 1 2 3
1). [Tau ps —x" == x+—x +—x +.. +—x +..

) Ranpan 2z’ =3+ x5 3
HccnenoBath €ro CXogMMOCTh B TOUKax X=1,x=3, x=-2.
Pewenue:

a). [Ipu x=1 naHHBI pa1 IpeBpallaeTcs B YUCIOBOU s
1 2 3 n

—t =+ttt
3 33 3 3
[IpoBepuM BBINOTHEHNE HEOOXOAMMOTO MPU3HAKA CXOAUMOCTH:

hm——O

n—>o 3”

UccnenyeM cxoauMoCTh JaHHOTO psijia 1o npu3Haky Jlanamoepa:

n n+l u,, m+1)-3" n+l
u, :3_n;u"l+1 = 3l ’ = el = 3
u, n n
. Uy .oon+l 1
Iim = = lim =—<1, TO €CTb P CXOOAUTCS.
now oy o onow 3p 3

0). [Ipu x=3 noxy4yum psia:

1 2 3 n

5-3+3—2-32 +3—3-33 +o+—3"+

wmm 1+2+3+...+n+...,
KOTOPBIN PACXOAMUTCS, TaK KaK HE BBITOTHICTCS HEOOXOMMBIN MTPU3HAK CXOAMMOCTH Psi-
aa:

limn-0.

n—»0

3) ITpu x=—2 nonquM:
—(2) —(2) +—(2)+ +—(2)+

1 2 3
wm —= 2420 ——- 23+...+(—1)”—n-2”+...
3 3 3° 3
Koropslit cxoauTcs, cornacHo npu3Haky JlenOHuna(uaeHsl psaa, B3ATble 0 a0COMIOT-
HOH BeJIMUMHE, MOHOTOHHO YOBIBAIOT U MIPEeI n-0ro ujieHa paseH 0).

2). Haﬁm HpOMe)KyTOK CXOAUMOCTHU CTEIIEHHOI0 psa:

n 3 n

)C )C X X
a). =t —+.
Y w12 3 n!
Pemenue.
Ucnonbys dopmyny (*) moayuum:
1 1 1
a, = =

n _’an+1 = - ;
n! (n+1)! (n+Dn!



!

!
n B

=lim(n+1) =00,

n—

a

n+l

CrnetoBatesibHO MPOMEKYTOK CXOJAUMOCTH €CTh — 00 < X < 00, TO €CTh JAHHBIN Psif
CXOJHUTCS Ha BCEU YUCIIOBOU OCH.

6). Y nlx" =1lx+20x* +3l’ + . +nlx" +...

n=l1
Pewenue:
Ucnonb3ys dopmyny (*) moayuum:
a,=nla,,6 =n+)!=m+Dn!;
1

=llm——=0,
n>op 41

a, _ n! 1

=lim
(n+ l)n! n+ 1 n—>

a

n+l an 1

3HAYUT PsIT CXOAUTCS TOJIBKO B 071HOM Touke .

n

0 e e
Pemeﬂue.
Ucnionb3ys dopmyy (*) nomydum:
1 1
4y ===, ===
" n : n+l
a, Jn+l _ 1

. |a ) 1
= =./1+—; R =lim—= =hm1/1+—:1,
an+l \/; n n—o| n—o n
CrnemoBaTeNbHO JaHHBIN P CXOIUTCs adcomoTHO ip —1 <x <1,
Uccnenyem cxoaquMocTs psiaa B Toukax x=-1 u x=1.
[Tpu X=—1 VMEEM psI:

n+l

‘“f I (”4;

DTO 3HaAKOUYEpEAYIOITUNCS psJl, KOTOPBIM B CHTy Npu3Haka JIeOoHuIa cxoaurcs.
IIpn x=1 numeem psin:

+ ! + ! +..+ !
V2 V3T n
1 1 1
wm 1+ —+—F+..+—+...
22 32 n?
D10 00001IEHHBIN TAPMOHUYECKUH Psi/I, KOTOPBIN pacXoauTCs Tak Kak p=1/2<1.
OTcrona cinemyeT, 94To JaHHbBIN psa cxoautes mpu —1 < x <1.

+...

0 n 2 3 n

Sy L Ly A

D LD =Sy ek D
Pewenue:

Ucnonbys dopmyny (*) moayuum:
1 1
G T )



L T

n—»®

2 2
4 _n+D) :(1+1j .R =lim =1,

a 1’12 n =0

2
1
I+—
n
3HAYUT PsiJ CXOIUTCS Ha MPOMexKyTke —1 <x <1
HccnenyeM cxoauMoCTh psifa B TOUkax x=-1 u x=1.
IIpu x=-1 umeem psa;
1 1 1
—1+2—2—3—2+...+(—l)”—2+...,
n
B cuny npusnaka JleiOnuia on cxoautcs. Psin
1 1 1
1+?+3—2+...+—2+...,
n
CocTaBiieHHBIH U3 a0COMIOTHBIX BEJIMUMH €T0 4JIeHOB. ECTh 0000IIEHHBII rapMOHUYECKHI
PAI, KOTOPBIA CXOAUTCS, TaK Kak p=2>1.
[Tpu x=1 mosry4yuM TOT ke caMblii 0000IIIEHHBI TAPMOHUYECKHM PSIJI.

CrnenoBatenbHO, TAaHHBIN PSA CXOAUTCS B MpoMexyTke —1<x<1.

n+l an+l

1), 32" (=) =14+ 2(x =)+ 22 (x=1)% +...+2" (x = 1) +...
n=0
Pewenue:

IIycte x—1=y, TOT/1a MOTYyYUM PSII:
22"y (),

n=0

Ucnons3ys popmyny (*) nomyunm:

an — 2}1 ,an+1 — 2n+l;

D _ 2“ :l;R:]im n =1iml:l

an+1 2” 2 e an+1 now 2
3HAYUT PAJl CXOJIUTCS HA IPOMEXKYTKE — 5 <y< 5

1 1
HccnemyeM cXoauMOCTh psifa B TOUKax Y = ) uy= 5
1

IIpu y = 5 YMEEM PAL:

= n 1 ! - n ~
D2 (— Ej =Y (=1)" =1-1+1-..., KOTOpHIi PaCXOIHUTCH.
n=0 n=0

1
IIpn y = ~7 HMEeM pax:

0 1 n IS
2”(Ej = Zl" =1+1+1+..., KOTOpBIN TaKKE PACXOIUTCHI.
n=0 n=0

CrnenoBatenbHO psfa (**) cxomures mpu — 5 <y< 5

1 11 3
__<_x—1<—,—<x<_,
Bripa3us y depes X, oay4nm 7 2’9 2

DTa uckomas o0J1acTh CXOONUMOCTH AAHHOI'O pAAa.



6. Pazyio:kenue GyHKUMII B cTeNeHHbIE PAABL.

Psowr Tetinopa u Maxnopena.

Psnom Teitnopa nns yHkimu f{x) Ha3pIBacTCs CTENIEHHOM Psifl BUIA:

f"(a) " (a)
2!

n.

x—a)’ +.+

f) = fla)+ fa)x—a)+

(x—a)" +.... ()

Ecim a=0, To nonyunm yacTHbIN Citydail psaa Ternopa

14 n)
fx)= f(0)+f(0) / (O)x2+...+wx"+..., ?2)

2! n!

KOTOpBIN Ha3bIBaeTCs psiioM Maknopena.

J1ist paznoskeHust PyHKIMM f{x) B CTENEHHOM psifl MakiiopeHa He0OX0IMO:

1). Beruriciuts 3HaueHUst PyHKIMU U €€ TIOCIIeA0BaTEbHBIX MPOU3BOIHBIX B TOUKe X=(), T. €.
f0), '), £"(0),.... £ (0);

2). CoctaButsb psit MakiiopeHa, oJICTaBUB 3HaYCHUsT (DYHKIMHU U €€ TTOCIIEI0BATEIbHBIX TPO-
W3BOJIHBIX B popmyity (2).

3). Haiftu mpoMeXXyToK CXOJMMOCTH MOTy4EHHOT0 psifa 1o dhopmyie ().
IIpumepsl: Paznoxure B psg MakiiopeHa GyHKIUH.

D). flx)=¢",
Pewenue:
1. flx)=¢", fl0)=€"=1,
flo=e, [o=1,
f'(x)=e", f'(0) =1,
f(x)=e’ fM0)=1,
2. IloncTaBuM mosydeHHbIC 3HAUCHUS B GOpMyITy (2), OITyduM:
. x  x’ x"
e =l+—+—+..+—+....
12! n!

OTOT psiJi HA3BIBACTCS IKCHOHEHYUATbHBIM PIOOM.
3. [IpomMexxyTOK CXOIMMOCTH psijia HahaeM 1o ¢popmyie (*):
1 1 1
an = anH = = ’
n! (n+1)! (n+DhHn!

a, (n+Dn!

& =n+1;R=1lm L

N
n. e an+1

=lim(n+1) =00,

n—

a

n+l

CienoBaTesbHO NPOMEKYTOK CXOJUMOCTH €CIIA — 00 < X < 00, TO €CTh JAHHBIN Pl
CXOAUTCS K PYHKIINH f(x)=€" Ha BCEW YNCIOBOM OCH.
2). f{x)=sinx.

Pewenue:

1. fix)= sinx, f(0)=sin0=0,



f'(x) =cosx, f'(0)=cos0=1,

f"(x)=-sinx, f"(0)=-sin0=0,

f"(x) =—cos x, f"(0)=—cos0=-1,

" (x)=sinx, £ (0)=sin0=0 .
2. [loactaBuM mosTydeHHbIE 3HaUeHUS B GopMyITy (2), OITydrM:

2n-1
sin x = 0+lx1 +9x2 —lx3 +9x4 R U B
1! 2! 3! 4! 2n-1!
3 5 7 anl
:f_x_+x__x_ ( )”1—+
o3 s 7 2n-1!

3. IIpoMexxyTOK CXOAMMOCTH psifa HaijaeM 1o hopmyiie (*):

an = ;’anﬂ = 1 = 1 = 1 ;

2n-1)! 2+ -1 @n+1)! @n+Dn2n-1)!

a, (2n+1)2n2n-1)!

n

— (21 +1)21; R = lim|- 2=

ol (2n-1)! n—l
CrienoBatesbHO MPOMEKYTOK CXOJAMUMOCTH €CIM — 00 < X < 00, TO €CTh IAHHBIN PAJl

cXoauTcs K PyHKINM f{x)=sinx Ha BCEW YUCIOBON OCH.

3). f(x)=In(1+x)

Pewenue:

1.

f(x)=In(I+x), f(0) =

Fi)=—— fr(0)=1
1+x

= 11m|(2n + 1)2n|

a n—»o

n+l

Frx) = —— /0=

I+ x)
m _ 2! ”70_2'
f(X)_W’f()_
frx)=- 4,f 0)=-
(+

i (=D 1)
d+x
2. IloacTaBuM noxy4deHHbIE 3HAYCHUS B OpMYITy (2), TOTyIrM:

2 3 4 n
X

X X X
In(l+x)=x——+"——-"—+.. . +(=D)""—+...
( ) 2 3 4 D n
OTOT psili HA3BIBACTCS 102apupmMuseckum psoom.

3. Ucnonw3ys dopmyny (*) nomyuum:

fP ) =D 0 =(=D" (n=1)!

_1 —_— 1 .
an__’anJrl_n_l_l’
a n+l | |n+1|
w2 R=1im -1,
an+1 n e an+l n—)oo| n |

3HAYUT PsJ CXOIUTCS Ha MPOMEKyTke —1<x <1
Uccnenyem cxoaguMocTs psija B Toukax x=-1 u x=1.
ITpu x=-1 psig CTAaHOBUTCA FrAPMOHUYECKUM:



l-————-— <™ ——..., @ OH PACXOJIUTCA.
273 T n pacEol
[Ipu x=1 uMeem 3HAKOUEPEAYOLIUNCS PAL:

1 1 1 41
In2=1- 5 + 372 ot (D" = KOTOPBIM CXOAUTCS 10 TIpu3HaKy Jleitonua.
n

Wtak, psa cxoautes Ha IpoMekyTke —1<x <1,

X00 evinonnenusn padbomol:
1. BeImoaHUTH 3aaHusl IO BapHaHTaM, UCHOJbB3Ys MPU HEOOXOIUMOCTH METOJIHUYe-

CKHC YKa3aHMH:.

3aoanus:
I-B II-B
1. Haiinute mepBbie YeThIpe WieHa psja 1o 3aAaHHOMY O0IeMy:
B 1 4 = 3n+2
(2n+1)2"" " Bn-D2""
2. Hatimure hopmyiry ob1miero uieHa psija:
35 5 9 13
I+—+—+.. —+—+—+
2 3 1 2 3
3. Hcnonb3yst HEOOXOAUMBINA U TOCTATOYHBIA MPU3HAKU CXOJIUMOCTH,
WCCIICIYWUTE PSbI:
< 1
) Z‘ (2n—1)2>" ). Z “(n +1)(n +3)
* 1 e n
). Z; (2n+1)! 0). ~n
4. Vccnenyiite ps Ha aOCOTIOTHYIO M YCIIOBHYIO CXOI[I/IMOCTI)I
< 1
_1 n—1 n+l
;( ) 3 ;( 1) n 12 _1)

5. Haiiiure mpoMeKyTOK CXOAUMOCTH CTETIEHHOTO psija:

. o (xs3)
) e >

o (n+ 1) 3"

6. Paznoxute B psin MakiiopeHa GyHKIUIO:
a). f(x)=1+cosx a). y=1+In(1+x)

0). y=In(1+2x) 0). f(x)=cos2x.



2.IIpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aIlIUTE MPAKTUYECKOI padoTe.
3alUTUTh BBIIIOJHEHHYIO paboTy.

Bonpocwt 0na 3augumer:

1.

2
3.
4.
5

No

JlaliTe onpeaeeHrue YUCIOBOrO psija.

BBeauTe He0OX0UMBIIN MPU3HAK CXOJIUMOCTH YUCIIOBBIX PSIOB.

CdopmynupyiiTe 10CTaTOUYHBIE MPU3HAKU CXOUMOCTH PSJIOB.

Haiite onpezaenenne PyHKIIMOHAIBHOTO psijia.

3HaKoIMEepeMEeHHbIE U 3HAKOUepeayIouecs psaasl. AOCONIOTHAS U yCTIOBHAS CXOIU-
MocTb. [Ipusnak cxogqumoctu JlelOHuIa 17151 3HAKOYEPEAYIOIIUXCS PSAIOB.

JlaliTe onpeaceHue CTENEHHbBIX PSIAOB.

OOBsICHUTE XOJ BBIMTIOJTHEHUS CBOEH paOOTHI.

. YeMy BBl HAyUUJIUCh IIPHU BBINOJHEHUHU PAKTUYECKON pabOThI?



IIpakTuyeckas padora Nel7.
Tema: Muo:kecTBa. Oniepauuy HaJl MHOKECTBAMM.

L]enb: TOBTOPUTH MOHATHE MHOKECTBA(ITOMHOXKECTBA); JIEMEHThl MHOKECTB;
0TpaboTaTh HaBBIKH BBIMIOJTHEHUS ACHCTBUN HaJ MHOXKECTBAMH.

Kpamkue meopemu4eckue CcB8eOeHU:

MHO03KeCTBO U €ro 3JIeMeHThbI.

ITepeceyeHnue MHOMXKECTB.

O0beanHeHe MHOKECTB.

Boruntanne MHOKeCTB. JI0IOJTHEHHE 10 MHOZKECTB.

1. MHOKEeCTBO U €ro 3JIeMeHThI.

Onpeoenenuel : MHOXECTBO NPEACTABISAET COOON coeTMHEHNE, COOpaHue, COBOKYITHOCTb
HEKOTOPBIX MPEIMETOB, 00BEIMHEHHBIX IO KAKOMY-JIM0O0 MPU3HAKY.

[pumepst: 1). MHOXkecTBO yuamuxcs rpymmnsl BM09;

2). MHoxecTBO OyKB ayipaBuTa;

3). MHOKeCTBO TOYEK Ha MPSIMOIi;

4). MHO>€eCTBO KHUT Ha IOJIKE.
[IpeameTsl, U3 KOTOPBIX COCTOMT MHOKECTBO, HA3bIBAIOTCS 2/1eMEHMAMU MHONMCECMBA.
[Ipumepst: 1). [lerpo- yuammiics rpynnst BMO09;

2). bykBa O- 25ieMeHT MHOXeCTBa OYKB pycCKOTO ajihaBuTa.

DneMeHThl MHOKECTBA 0003HAYAIOT MAJIbIMUA OYKBaMM JIATUHCKOT'O MJIM TPEYECKOTOo anda-
BUTA.
Jiist 0603HAaYEHHST MHOKECTB UCTIOJB3YIOT 3arjlaBHbIE OYKBBI JATUHCKOTO aliaBUTa

A,B,C,... nim ckoOku {06,,3, 7/,---} .
3anuce @ € A 03HAYaeT, YTO JIEMEHT (X TPHUHAMIEKHUT MHOKECTBY A.
3anuch o € A 03HAYAET, YTO DJIEMEHT (X HE MPUHAJJICKUT MHOKECTBY A.
[Ipumep: N = {1,2.3,...}- MHOJKECTBO HATYpPAJIbHBIX YUCE.

2e NOgN .

Onpeodenenue 2: MHOXKECTBO CUMTACTCS 3aJaHHBIM, €CJTH HIIH IIEPEUYHUCIICHBI BCE €T0 DJIc-
MEHTBI, WJIM YKAa3aHO CBOMCTBO €T0 3JIEMEHTOB, KOTOPOE MO3BOJISET CY-
JIUATHh O TOM, IPUHAJJIEKHUT JI TAHHBIM 3JIEMEHT MHOYKECTBY WJIU HET.
[Ipumep: M- MHOKECTBO YETHBIX YHCE.
CBOMCTBO: BCe UMcCIIa JICIITCS HaIleJIo Ha JBa.

OGosnauator: M ={x e N|x:2}.



durypHbie CKOOKH- HATMYHEe MHOXKECTBA.
|- Takux, 4ro.
: - JICJINTCS HALICHO.

Onpedenenue 3: MHOXECTBA, COCTOSIIIIUE U3 OJTHUX U TEX K€ IEMEHTOB Ha3bIBAIOTCS
pasHulMu 1 0003HavaroTcs: A =B .

Onpeoenenue 4. Eciu mo0oii 371eMEHT MHOXKeCTBa B sBiIsieTCs 1 3JIeMEHTOM MHOXKECTBa
A, TO MHOX€ECTBO B Ha3bIBaeTCst noomHodMcecmeom MHOKECTBA A 1 000-
3Havaercsi: BC A wiu ADB.

B cuny onpeoenenus no6oe MHOMCECMB0 A815emcsi CBOUM NOOMHONCECBOM.

Onpeoenenue 5: MHOX)ECTBO, KOTOPOE HE COAECPKUT HU OJTHOTO PJIEMEHTA Ha3bIBACTCS
MyCTBIM U 0003Havaercs: Q.

[pumep: A = {1,2,3} . Haiitu Bce moamHOMKeCTRA.

5 25 35,1625, {2.3), 113} 11,2.3},0.

2. Ilepeceyenne MHOKECTB.

PaccMoTprM MHOKECTBO HATypaibHBIX YHCEN, KPATHBIX YUCITY 2 U MHOXKECTBO HaTypallb-
HBIX YHCEII, KpaTHbIX yuciy 3. To ecTs:

A={xeN|x2} u B={xeN|x:3}.

HerpynHo 3aMeTUTh, 4TO MHOXKECTBO HATYPAJIbHBIX YHCEN, KPATHBIX YUCTY 6, BXOJIUT B
KaXXJ10€ U3 IByX PACCMOTPEHHBIX, TO €CTh:

C={xeN|xi6}.

Onpeoenenue 6: MuoxectBo C, cocTosiIee U3 BCEX T€X U TOJBKO TEX DJIEMEHTOB, KOTO-
phle IPUHAJICKAT KAXKIOMY U3 JAaHHBIX MHOXKECTB A U B Ha3bIBaeTCs nepeceueHruemM
MHOXeCTB A U B 1 0603Hauaetrcss: C =ANB.

Hpumepsr: 1). C=ANB

7). A={1,2}, B={2,3}.
C=AnB={2}.

A
3).

ABNCD =CB.
Onpeoenenue 7: JIBa MHOXKECTBA, IEPECEUEHUE KOTOPHIX ABIISETCS IIyCTHIM MHOXKECTBOM,
ABIISIOTCS. HEenepecekaouuMucs.



3.00be1uHEeH e MHOXKECTB.

Onpeodenenue 8: O6benMHEHNEM JIBYX MHOKECTB A 1 B Ha3biBaeTcs Takoe MHOkeCTBO C,
KOTOPOE COCTOUT M3 BCEX AJIEMEHTOB A U B 1 ToJIbKO M3 HUX U 0003HAYa-
erca: C=AUB.

Ipumep: A =1{,2,3}, B={34,5}.

C=AUB={,2345}
EC]ZM MHoOIHcCecmea A u B umerom 061/141/18 ollemMerHmosl, mo KCZDfC@bllZ U3 HUX 6epemc;1 MmoJlbKO
ooun pa3z!

4. BbiuuTtanue MHO:KecTB. /om0 THEeHHE 10 MHOKECTB.

Onpeoenenue 9: 1lyctb nansl 18a MHOkecTBa A U B. MHoxecTBO C, KOTOpOE COCTOUT U3
BCEX 3JIEMEHTOB MHOXKECTBA A, HE MPUHAJICKAIUX MHOXKECTBY B, Ha3bI-

BAeTCs Pa3sHOCTbIO MHOXKeECTB A U B n o6o3nauaercs: C = A/ B.
[Ipumepsr: 1). A= {1,234}, B={34}.
C=A/B=1{12}.
2). A={1,23}, B={345}.
C=A/B=1{12}.
3). A={1,2,5}, B=1{34}
C=A/B={1,2,5}.
4). A={1,2}, B={1,2,3}.
C=A/B=0.
Onpeoenenue 9: Ecim A > B , 10 pa3Hocth A/ B Ha3bIBaeTCs JIOIOIHEHHEM MHOKECTBA
B no mHOXecTBa A.

X00 evinonnenusn padoomol:
2. BeImomHUTh 3amaHMs IO BapWaHTaM, MCTONB3Ys MPU HEOOXOIUMOCTH METOIHYE-
CKHE YKa3aHUSI.
3adanus:

I-B II-B

1. Ilyctb A - MHOKECTBO BCEX KOPHEW YPAaBHEHUS:

PR ) 2x* -1 16x-7
x"+3x° —13x" =9x+30=0. - =2.
x—1 x+3
Kakwue u3 uncen -2, 2,5, 6, \B Kaxkue u3 uucen -2, 2, 1, 2+\/_, - \6
SIBIISTFOTCS DJIEMEHTAMH MHOKECT- SIBIISTIOTCS DJIEMEHTAMH MHOKECT-

Ba A? Ba A?



2. Halingute Bce MOAMHOXKECTBA MHOYKECTBA:

1 1
= 0,1,2,—_ = _37172,2_
c-foa-1} c-f-a222

3. Haiinnte AU B, ANB, A/ B,B/ A, ecin:

a). A={-4,-3-2-10,12}, a). A={-3,-2,-1,0,1,2,3},
B={-2,-101234}; B=1{-1,01.2345};
6). A=1{-2,-1357}, 6). A=1{-3-1489},

4. ITycte M —MHOKECTBO BCEX KOPHEW YPAaBHEHUS:
x*=7x+6=0. x*=2x*-5x+6=0.
Haiigure M N (AN B), ecnu: Haiinure M U (AU B), ecnu:
A={123} u B=1{-3,0,2}. A={0,12} u B={-1,-24}.

2.I1puroToBUTH YCTHO OTBETHI HA BOIPOCHI K 3alllUTE MPAKTUYECKOM padoTe.
3allUTUTH BBIOJIHEHHYIO padoTy.
Bonpocw ona 3awgumeor:

1. JlaitTe onpeneneHne MHOKECTBA.

2. Beaurte onpenesnieHne IEMCTBUNA HA MHOKECTBAX.

3. JlaTe ompeneneHune moagMHOXKECTBA.

4. Yemy BBl HAYYHJIUCH NPHU BBINOJHEHUU MTPAKTUYECKON pabOThI?



IIpakTueckasi padora Nel8.
Tema: OCHOBHBIC MOHATHS KOMOMHATOPHUKH.

L]env: 0TpabOTaTh HABBIKKM BHIYUCIICHUS IPUMEHEHHS dakTopraia u Gopmys nepecTaHo-
BOK, pa3MeIEHUsI U COUETaHU JIJISl peIlIeHUs 3a/1ay.

Kpamxue meopemuueckue ceeoenusi:
e [lepecranoBku.
e Pa3Mmewenus.
e Coueranus.

OcCHOBHBIC IOHATHSI KOMOMHATOPHUKH.

B paznene maTeMaTuKH, KOTOPBIA HAa3bIBAETCS KOMOMHATOPUKOM, pEIIAIOTCA HEKOTO-
pBIE 3a[1a4M, CBSI3aHHBIE C PACCMOTPEHUEM MHOKECTB U COCTABIICHUEM PA3JIUYHBIX KOM-
OMHAIMI U3 AIIEMEHTOB 3TUX MHOKECTB.

['pynmbl, coCcTaBiIEHHBIE U3 KAKUX-THOO0 JIIEMEHTOB, HAa3bIBAKOTCS COCOUHEHUSMU.

Paznnuarot TPHU OCHOBHBIX B4 COCI[PIHCHHfII pasMCIICHUC, IICPCCTAHOBKH U COYCTA-
HMU:.

1. IlepecTaHOBKH.
1). llonsitue pakTopuaJa.

HpOHSBGI{GHI/IeM BCCX HATYPAJIBHBIX YHUCCII OT 1 10 N BKIIFOYUTCIIBHO HA3bIBAKOT 1N-
(hakTOpHaAIOM U MUIITYT
n=1-2-3-...-(n—1-n.

IIpumepsl:

1). Boruucnums:

a). 31=1-2-3=6.

6). 7-5!=1-2-3-4.5-6-7—1-2-3-4-5=5(6-7—1) =120-41 = 4920 .
745! 516-7+1) 1.2.3-4.5.43 43

6 6 123456 6

B).

2). ¥Ynpocmumu svipasicenue:

(n+D)! 1-2-..-n-(n+1)

n+1
A 1-2-...-n '
' 1.2 (n=1)-n-
5. (n+1).:1 2-...-(n—1)-n (n+1):n(n+1).
(n—1)! 1-2-...-(n—1)
1 1 1 1 1+n+1 n+2

B). ——+—= + = .
n+D)! n! 1.2-..n-(n+l) 1-:2-on 1.2--n-(n+l)  (n+1)!



2). IlepecTaHOBKH.

[TycTthb mansl Tpu OykBel A, B 1 C. CocTaBrM BCe BCEBO3MOKHBIC KOMOMHAITMHN M3 ITHX
oykB: ABC; ACB; BAC; BCA; CAB; CBA ( Bcero 6 komOuHanuii). Mpl BUIUM, UTO OHH
OTJIMYAIOTCS JPYT OT ApYra MOPSIKOM PacoIOKECHHs OYKB.

Onpedenenue 1: KomOuHanus U3 n 3J1€MEHTOB, KOTOPBIE OTJIMYAIOTCS IPYT OT JIpyra
TOJIBKO MOPSAKOM 3JIEMEHTOB, HAa3bIBAIOTCS NEPecmaHO8KaAMU.
[lepecTaHOBKHM 0003HAYAIOTCSI CHMBOJIOM P, , TI€ N- YUCIIO 3JIEMEHTOB, BXOISIIIINX B
KQKYI0 IEPECTAHOBKY.
Yuciio nepecTaHOBOK MOXHO BBIYUCIUTH O (hopmyJie:

P =123 ...n=2)-(n—1-n (1)
NnIn
P, =n! 2)

Tax uncno nepecTaHOBOK U3 TPEX 3JIEMEHTOB cOrjacHo ¢popMmyiie (2) CoCTaBIseT:
P, =1-2-3=6, uro coBnagaer ¢ pe3yIbTaTOM PACCMOTPEHHOTO MIPUMEpA.

IIpumepsbi:

1). B copeBHOBaHuUsIX yyacTBOBasiO 4 KoMaH1bl. CKOJIbKO BapUAHTOB paclpeeIeHUs MECT
MEK]1y HUMH BO3MOYKHO?
Pewenue:

P, =1234=24

P6 _Ps
2). Beraucnurs: 5|
Pewenue:
F-P 1.2-.-56-1-2..-5 6-1 _s
S! 1-2-...-5 1 '

2. Pazmeluenus.

Onpedenenue 2: KomOUHaIMM U3 M 3JIEMEHTOB MO N 3JIEMEHTOB, KOTOPHIE OTIUYAIOTCS
JPYT OT JApyra Wik CaMUMHU dJIEMEHTAMU WIH MOPSIKOM DJIEMEHTOB,
Ha3bIBAIOTCS pa3MeueHUAMU.

Yucio pa3MeIieHH U3 m 3JIEMEHTOB 10 N 0003HAYaeTCsS CUMBOJIOM A’ | TJIe M-YKCIIO
BCEX UMEIOIIUXCS DJIEMEHTOB, a N- YUCJIO DJIEMEHTOB B KaXKJ1I0M KOMOMHAITUH.

A" :m(m—l)(m—Z)-...-(m—(n—l)z (3)
WIH

. m!
Al = i 4).

IIpumepsl:



3 A135 + A145
1). Berunciute: a). A;; 0). — 5 ;

Pewenue:

6  1.2-..-6
a). A2 =6-5-4=120 wm A =

= =120
(6-3)! 3! '

AL +AL 15-14-13+15-14-13-12 _15-14-1310+12) 13

0). AL 151413-12-11  15-14-13-12-11 132"

2). Pemute ypaBaerue: A =30A" .

Pewenue:

A =30A",,
n(n—-1)(n—-2)(n-3)(n—4)=30(n-2)(n—-3)(n—4)(n-5),
n(n—1)=30(n-5),

n*=31n+150=0,

n, =6,n, =25.
3). CKOJIBKMMU CIIOCOOAMU M3 CEMHU KaHIUaTOB MOXHO BbIOpATh TPHU JIMIIA HA TPU
TTOJDKHOCTHU?
Pewenue:
A$: 7! :1 2-3.4.5.6 7:1 2-3.4.5.6 7=5-6-7=210.
(7-3)! 4! 1-2-3-4

3. Coueranud.

Onpeoenenue 3: Couemanusamu W3 U3 m 3JIEMEHTOB I10 N JIEMEHTOB B KaXJ0M Ha3bIBa-
IOTCSl TAKME COCIMHEHU S, KOTOPBIE OTINYAIOTCS APYT OT JApyra XOTs Obl
OJTHUM DJICMEHTOM.

Oo6o3nauvaercs: C, .

" " m!
umn C,, —m (6).

Haxomurcs o popmyie: C,, =
n
B pelreHny 3a1a4 4acTo MCIONIB3ytoTcs Gopmyisr: C! =C" ™" C" =1, CY =1,
n n+l _ i+l

C'+C" =C

m+l1 *

IIpumepsbl:
_ 8! g _1-2-3-4-5-6-7-8_6-7-8_56
&-3)n3 53 1.2-3-4-5-1-2-3 1-2-3

|
5, ClaCl 6, _123:456
6-4H4  1.2-1.2-3-4

1). Boiuncmurts: a). Cs

1=16



2). Pemure ypasuenue: C j_z =21,

Pewenue:

Cc2, =21,
(x=2)!
(x—-2-2)12! ’

— |
(x=2)! o1,
(x—4)12!

12 (x—4)(x=3)(x-2)
120 (x=4)-1:2
(x=3)(x-2)

21,

=21,

x*=3x-2x+6=42,
x*=5x-36=0,

x, =—4,x,=9.

3). CKOJIBKMMU CITIOCOOaAMU MOXKHO BBIOPATh JIBYX YEJIOBEK B MPE3UIUYM, €CJIU Ha coOpa-
HUU IPUCYTCTBYET 78 UeIoBEK?
Pewenue:
5 78! 1-2-...-76-77-78

CZ = = =77-39 = 3003
(78-2)2!  1-2-..-76-1-2

X00 evinonnenusn padoomol:
1. BeimomHuTh 3amaHusl IO BapwaHTaM, MCTONB3YS MPU HEOOXOIUMOCTH METOIHAYC-

CKHUC YKa3aHU:.

3aoanus:
I-B II-B
1. Yopocture BbIpaKeHUS:
(n+1)! n!
a). n a). (n-2)! °
5 Lo .
“n! (n+D!” ) (n+1)! n!”
2. BeluncnuTe 3HAYEHUS BBIPAKCHUM:
52!
. 51+6! .
a). 5!+6 a) o
A+ A
5. At ). A AL A
6

3. Pemure ypaBHEHUA:
a). 204, = A a). A/ =154.,



0). A, =42x 6). A2, =5m(m+1)

At + A?
B). %:13 B). A} =14A]
r). 8C§;ﬁ1 = 5C§;32 ). 13C§;1 = SCS:A-
4. JIOKaKUTe TOXKIECTBO:
C9 C8 — C9 C5 C4 _ CS
n + n -~ “ntl n+3 + n+3 = “n+4

5. CKONBKO MATU3HAYHBIX YHCENl MOKHO COCTaBUTh U3 udp 1, 2, 3, 4, 5 6e3 noBTopeHuit?
6. CxonpkuMu criocobamu u3 15 pabounx MOKHO cO3aTh OpUrajbl MO S5 YEJIOBEK B KaXk-
nou?

2.IIpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aIIUTE MPAKTUYECKOM padoTe.
3alUTUTH BBIIIOJHEHHYIO padoTy.
Bonpocet 0na 3auwgumor:

1. JlaitTe onpeneneHne COeIUHEHUS.

2. Haiite onpenenenue ¢pakropuaia. 3anuiure Gopmyiy n-pakropuania.

3. JlaiiTe NOHSTHE pa3MEILECHHUS], IEPECTAHOBOK U COUETAHUM.

4. OOBsiCHUTE, KaK PUMEHSIOTCS (POPMYJIbI 1711 peLICHMS 3a/1a4 Ballel mpaKTHie-

CKOH.
5. Uemy Bbl HAYYHUIIUCH TP BBINOJHEHUU PAKTUYECKON pabOTHI?



IIpakTH4yeckas padora Nel9.

Tema: OCHOBHBIE MOHATHA TeOPUH BeposiTHOCTEH. CoObITHsI. Onepanuu HAJ COObI-
TUSIMH.

L]env: 0oTpabOTaTh HABBIKKM BHIYUCICHUS BEPOSTHOCTU COOBITHUS ; IPUMEHSTH (hOPMYIIbI
CJIOXKEHUSI U YMHOKEHUSI BEPOSTHOCTEH JIJIsl pellieHus 3aa4 KOMOMHATOPUKH.

Kpamxue meopemuueckue ceeoenusi:
e CuayuaiiHble COOBITHS.
e Kiaccuueckoe onpeaesieHue BEPpOATHOCTH.
e TeopeMbl C105KeHUS BEPOSITHOCTEH.
e TeopeMbl YMHOKEHUS BEPOSATHOCTEH.

1. Ciyuaiinbie coOBbITHSA.

W3yueHue Kaxxaoro sIBJICHUS B MOPSIIKE WIIA MPOU3BOCTBA ONbITA CBA3AHO C OCY-
IIECTBJIEHUEM HEKOTOPOI'O KOMIUIEKCA YCIIOBUH (UCIIBITaHU ). Besikuit pe3yabTaT nim uc-
XOJ] UCTIBITAHUSI Ha3bIBACTCS COObIMUEM.

Bce paccmarpuBaembie coObITHS Oy1EM CUUTATh PABHOBOZMONCHLIMU , TO €CTh TaKH-
MU, KOTOPBIE UMEIOT PaBHbIE BO3MOKHOCTH IIPOU30UTH.

CoObITHs 0003HAUaAOTCS 3arIaBHBIMU JIATUHCKUMU OykBamu: A, B, C,...
Onpeoenenue 1: Ecin coObITHE IPU 3aJIaHHBIX YCIOBHSIX MOKET MPOU30MTH WM HE TIPO-

U30MTH, TO OHO Ha3bIBAECTCS CIYYAUHBIM.

IIpumep: [losBnenne uudp npu nogO0packIBAHUA MOHETHI.

Onpedenenue 2:B TOM cinydae, KOrjaa coObITHE JOJKHO HEPEMEHHO MPOU30UTH, Er0
Ha3bIBAIOT 00CMOBEPHBIM, & B TOM CIIy4ae, KOTJla OHO 3aBE€JOMO HE MOXKET
MIPOU3OUTH, - HEBO3MONCHBIM.
IIpumepsi:
1). BeurpsIi no 6ecpOUTrphIIIHON JOTEPEU €CTh COOBITHE TOCTOBEPHOE.
2). Ilpu 6pocanny UrpaabHOM KOCTU HEJB3SI MOTYYUTh YUCIIO 7.

Onpedenernue 3: COOBITHS HA3BIBAIOTCS HECOBMECMHbIMU, €CITH KAXKIBIN pa3 BO3ZMOKHO
nosiBJIeHHuEe 0HOr0 U3 HUX. COOBITHS HAa3bIBAIOT COBMECMHbIMU, €CIIU B
JaHHBIX YCIOBUSX MOSBIECHUE OJHOTO U3 3TUX COOBITHI HE UCKIIIOYAET
HOSIBJIEHUE JIPYTOT0 IIPU TOM K€ UCIIBITAHHUH.
IIpumepsi:
1). IIpu moaOpacbiBaHWK MOHETHI MOSIBJIEHUE U(PBI UCKITIOYAET MOsBIIEHUE TepOa
(HECOBMECTHBIE COOBITHSA).
2). B 10o’XnnuByIo MOTOly HE UCKIIIOYAETCS Tpajia Ui BeTpa.(COBMECTHBIE COOBITHS).

Onpeodenenue 4: CoObITHS HA3bIBAIOTCS NPOMUBONONONCHBIMU, €CITU B YCIIOBUSX UCIIBITA-
HUS OHU, SIBJISISICH €AUHCTBEHHBIMU €0 UCXOJaMH, HECOBMECTHBI.

U ob0o3HauvaroTca A, A .



2. Knaccuueckoe onmpeacjaceHue BEPOATHOCTH.

Onpeoenenue 5: Bepossmuocmuio COObITUS A Ha3bIBA€TCSI OTHOIIIEHUE YHCIIA HCXOA0B M,
0JIArONPUSATCTBYIOIIUX HACTYIUICHUIO IAHHOTO COOBITHS A, K YHCITY N
BCEX HCXOJ0B (HECOBMECTHBIX, €IMHCTBEHHO BO3MOKHBIX U PABHOBO3-
MO>KHBIX ).
m
U o603nauaercs: P(A) = ;

rne 0<P(A) <1,

HeBo3M0XHOMY cOOBITHIO cOOTBeTCTBYET BepoaTHocTh P(A) =0 | a nocroepHomy-

(1)

BepostaocTs P(A) =1,

IIpumepsi:

1). B norepee u3 100 6unieroB umeetcs 200 BRIMTPBIIHBIX. BeiHUMatoT Hayrajg 1 Ou-
net. KakoBa BEpOSITHOCTB TOTO, UTO 3TOT OMJIET BHIUTPHILIHBIN?

Pewenue:

OO6m1ee 9nciIo BCeX BRIMTPBIMIHBIX Hcx0A0B ecTh n=1000.

Yuciio ucxoa0B, 0J1aronpusATCTBYIOUIMX COOBITHIO MOTYYEHUIO BhIMrpbia m=200.

Tornaa, no hopmyne (1), umeem:

Pay==-29 _1_,
1000 5

2). bpocarot urpanpHyro KocTh. HaiiguTe BeposSTHOCTH TOTO, YTO: a). BBINAJICT YETHOE
KOJIMYECTBO OYKOB (COOBITHE A) ; 0). BBITIaJIET YUCIO OYKOB KpaTHOE 3 (coObITHE B) ; B).
BBITIAJICT JII000€ YUCII0 OYKOB, Kpome 5 (coOniTHe C).

Pewenue:

a). Ha rpansx urpajibHON KOCTH UMEIOTCS TpU YeTHbIE LU(pHI (2, 4, 6), TO €cTh YucC-
JIO ICKOMBIX UCXOJ0B m=23.

Ywuciio BceX BO3MOXKHBIX MCXOJO0B PaBHO 6 (BbIaAacT 000 YUCIIO OYKOB OT 1 110
6). 3HAUMT:

31
P(A)=2=—=05
()62

0). 3neck nmerores aBe udpsbl, KpatHbie 3: 3 u 6. CienoBaTeIbHO M=2, a YUCIIO
BCEX BO3MOXHBIX UCX0I0B n=6. Torna:

2 1
P(B)===-=
()63

B). UckombIMu ucxonamu siBisitores uudpsl 1, 2, 3, 4, 6- Bcero ux msath (m=5). Yuc-
JIO BCceX BO3MOXKHBIX MCX00B n=6. Tornaa:

5
P(C)—g

3). U3 ypHBI, B KOTOPO# HaXOAATCs 5 O€bIX U 3UEPHBIX I1apa, BHIHUMAIOT OJUH IIIap.
Haittu BEpOSITHOCTH TOTO, YTO 1Iap OKAXKETCSI YEPHBIM.
Pewenue:



O003HauNM COOBITHE, COCTOAIIEE B MOSBICHUHN YEPHOTO I1apa, uepe3 A. Obiee duc-
70 ciaydaeB n=5+3=8. Yucmno ciaydyaeB, 071aronpusTCTBYIOIINX MOSBICHUIO COOBITHS A,
paBHo 3. Torga:

P(A) = % = 0,375

4). Jlanbl 5 TOUeK, HUKAKWE TPU M3 KOTOPHIX HE JISKAT Ha OJIHOM mpsiMoii. Haiitu Be-
POSTHOCTH TOTO, UTO, BEIOpAB HayTraja JBE TOUKHU, YUAIIUNUCS MOTYyUUT HYKHYIO MPSAMYIO.

Pewenue:

[Tycts A- coObITHE BBIOOP MCKOMOM NpsIMOid. YHCIIO BCEX BO3MOKHBIX HCXO/0B PaB-
HO KOJIMYECTBY IPSAMBIX, IPOXOASAIIUX Yepe3 3aJaHHbIC IIATh TOYEK.

Tak kak npsiMast OIpeAeNseTcs Mapor TOUYEK U MOPSIAOK TOUEK BHYTPH ATOU Mapsbl HE
MMEeT 3HAUCHHUS, TO KaXKasl mapa J0JDKHA OTIMYAThCS XOTs Obl 0fHON Toukoi. CrenoBa-
TEJIbHO, MBI JIOJKHBI HAUTH YUCJIO COYETAHUU U3 IIATH DJIEMEHTOB M0 J1BA, TO €CTh:

> S5 |
(5= 3!

3HAYUT, YUCIIO BCEX BO3MOXKHBIX IMap TO4YEK paBHO 10, a HICKOMOM SABIIAETCS TOJIBKO

OJIHA mapa TOYeK, TOrJa:

1
P(A)=—=0,1
(A) 10

5). U3 ypHBI, B KOTOpO#1 HaxoaaTcs 12 6enbIX U 8 YepHBIX IIapOB, BRIHUMAIOT Hay/la-
gy nBa mapa. KakoBa BEposITHOCTh TOTO, YTO 00a Iapa OKaXXyTCs YSPHBIMH?

Pewenue:

O0603HauYNM COOBITHE, COCTOSIIECE B MOSBIICHUH JIBYX YEPHBIX IIAPOB, Yepe3 A.

OO611ee YrCII0 BO3MOXKHBIX CITyYaeB N paBHO YHCITY coueTaHui u3 20 2JIeMeHTOB
(18+2) mmo 2:
), 200 20-19
o= 12
Yucao m, 61aronpusTCTBYIONIUX COOBITHIO A, COCTaBJISCT:
, 8 78 )
-2 1.2

28 14

. P(A)=— 0,147
Torna: (A) 190 95 .

n=C

=190

6). B nmaptuu u3 18 neraneit Haxonsarcs 4 6pakoBaHHbIX. Hayrag BeiOuparot 5 nera-
nei. Haiinure BEpOSITHOCTh TOTO, UTO U3 3TUX MSITH JCTAICH IBE OKaXyTCsl OpaKOBaHHBI-
MHU.

Pewenue:

Yucno Bcex paBHOBO3MOYKHBIX HE3aBUCHUMBIX UCXOJIOB N PABHO YUCITY COYETAHUN U3
18 o 5:

s 18 14-15-16-17-18
" 18-5)15! 1.2.3-4.5
IToacuuTaeM 4KuCiIO UCXOOOB M, 6HaFOHpI/I$ITCTBy}OH_II/IX COOBITHIO A.

=8568



Cpenu 5 B3sTHIX HayTaJ AeTAJICH JOHKHO OBITh 3 KAUeCTBEHHBIX U 2 OpaKOBaHHBIX.
Ywuciio cnoco0oB BEIOOPKHU ABYX OpaKOBAaHHBIX JAETAICH U3 4 UMEIOIINUXCS OpPaKOBAHHBIX
PaBHO YMCITy COUYETaHUM U3 4 1o 2:

- 4! _ 3-4 _6
4-2)2! 1.2

Ywuciio criocoO0B BEIOOPKH TPEX KaUueCTBEHHBIX JIeTaeit u3 14 nMerommxcs Kade-
CTBEHHBIX PABHO:

- 14 12-13-14
Y4-3)3 123

JIro6as rpynmna KaueCTBEHHBIX JieTajell MOKEeT KOMOMHUPOBATHCS C JIFOOON TpyIoi
OpaKoBaHHBIX AeTaliel, TOITOMY O0IIIee YUCI0 KOMOUHAIIUNA M COCTABIISIET:

m=m, -m, =6-364 =2184.

Hckomasi BEpOATHOCTh COOBITUSI A paBHa OTHOIIICHHUIO YUCIIA UCXO0/I0B M, OJIaronpu-
ATCTBYIOLIUX ATOMY COOBITHIO, K YHCIIY N BCEX PABHOBO3MOKHBIX HE3aBUCUMBIX UCXOJOB:

P(A) =222 _ 0255
8568

m, =

=364

3. Teopempbl c/I0:KeHHSI BEPOATHOCTEI.

Teopema cnodtcenusi 6eposIMHOCMEN HECOBMECTHBIX COOLIMULL
BeposiTHOCTB MOSIBIIEHUS OJJHOTO U3 HECKOJIBKUX IMONAapHO HECOBMECTHBIX COOBITUH, O€3-
pa3IMyYHO KaKOTO, paBHA CYMME BEPOSITHOCTEHN 3TUX COOBITHIA:

P(A+B)=P(A)+ P(B)

P(A +A, +..+A)=P(A)+PA)+..+P(A,) 2)

Teopema CJIOJHCEHUA eepOﬂmnocmezZ COBMECNIHblX co6b1mud:
BepOHTHOCTB ITOSABJIICHUA XOTSI 6BI OOJHOT'O U3 ):[ByX COBMCCTHBIX CO6BITPII>1 paBHa CYMMC
BepOHTHOCTCﬁ ATUX CO6BITHI>1 663 BepO}ITHOCTI/I NX COBMCCTHOI'O ITOSIBJICHUA .

P(A+ B) = P(A)+ P(B)— P(AB) (3)

Tak kak coOOBITHE TIPOTUBOIOJIOKHOE COOBITHIO A (TO €CTh HE HACTYIJICHUE COOBITHS

A) o603HavaT A, TO CyMMa BEpOSITHOCTEH JIBYX MTPOTHBOIOJIOKHBIX COOBITHI paBHa 1:
P(A)+ P(A) =1. 4

Onpedenenue 6: BepoaTHOCTb HACTYIUICHUS COOBITHS A, BEIYMCIICHHAS B TPE/ITOJIONKE-
HUU, 4TO COOBbITHE B yke mpou3011110, Ha3bIBACTCS YCIOBHOU BEPOSAMHO-
cmuio coObITUS A Tipu ycioBuu B u o0o3Havaercs:

P,(A) wiiu P(A/B)

Ecmu A u B He3aBHCHUMEIE COOBITHS, TO
P(B)—P,(B) = P,(B) (5)

Onpeoenenue 7. Coobitust A, B, C, ... Ha3bIBAIOTCS HE3ABUCUMBIMU 8 COBOKYNHOCMU, €CITN
BEPOSITHOCTH KaXJ0T0 U3 HUX HE MEHSIETCS B CBSA3U C HACTYILJICHUEM WM



HEHACTYIUICHHEM JIPYTUX COOBITHH MO OTAETLHOCTH WIIA B JIFOOOH MX
KOMOWHAIIUH.

IIpumepsbl:

1). B gmuke B ciiydaitHoM nopsiike paszinoxensl 20 neranei, npuyeM 5 U3 HUX CTaH-
napTHbie. Pabounii Oeper Haygady Tpu AeTaiau. HallTu BEpOSATHOCTH TOTO, UTO 1O KpalHeu
Mepe OJIHA U3 B3STHIX JETalIe OKaXKeTCs CTaHIapTHOMU (coObITHE A).

Pewenue:

OuyeBHUIHO, YTO MO KpailHEH Mepe O/IHa U3 B3SATHIX J€TANICH OKaXETCs CTaHIapTHOM,
€CJIH POU30UACT I000E M3 TPEX HECOBMECTHBIX COOBITHIA:

B- onna neranes crangapTHas, 1BE€ HECTAHJAPTHBIC,

C- nBe neranu cTaHIapTHHIE, OJIHA HECTaHAapTHAS;

D - Tpu AeTajii CTaHJapTHBHIC,

Takum 00pa3om, coObITHE A MOKHO MPEACTABUTH B BUJIE CYMMBI 3THUX TPEX COOBI-
™mii: A=B+C+D.

[To Teopeme cnoxenus BepositHocTel umeem: P(A) = P(B) + P(C) + P(D).

HaxouM BeposiTHOCTh KaXJA0ro U3 3TUX COOBITUH.

a). B- onHa neranb crangapTHas, 1B€ HECTaH/IapTHbIE;
= 20! :20-19~18:1140
(20-3)13! 1-2-3

[TogcunTaeM YUCIO UCXOIOB M, OJIArOMPUATCTBYIOIIUX COOBITHIO B.

Cpenu 3 B3sTBIX Hayraj JAeTajiei T0JKHO ObITh 1 cTaHgapTHAs U 2 HECTaHAPTHBIE.
Yucno crioco6oB BeIOOPKHU 1 cTanAapTHON AeTaneil U3 5 UMEIOLMXCs CTaHAAPTHBIX PABHO
YUCIy coueTanuii u3 5 o 1:
m,=C ; = L = é

S-npnr 1

Yucno cnocoOoB BRIOOPKHU 2 HECTaHJAPTHBIX AeTallel U3 15 uMeronmxcst HeCTaH-
JapTHBIX PABHO:

) 15! 14-15

m, =Cys = =

as-2)2t 1.2

JIro6as rpynmna cTaHAApTHBIX JIeTalel MOKET KOMOMHUPOBATHCS C JIFOOOW TPyIIIOf
HECTaHIapPTHBIX JeTalled, MOTOMY O0Ilee YMCII0O KOMOMHAIMI m COCTaBIseT:

m=m,-m, =5-105=525.

Hckomast BepossTHOCTh COOBITHSI B paBHa OTHOIICHUIO YUCIIa UCXOA0B M, OJarompu-
ATCTBYIOIINX 3TOMY COOBITHIO, K YHCITYy N BCEX PABHOBO3MOXKHBIX HE3aBUCHUMBIX HCXOJIOB:

525 105 35

P(B)="""=—" ="
1140 228 76"

=105

0). C- n1Be neTanu cTaHAapTHBIC, OJHA HECTaHIapTHAS,
! .19.
= 20! :20 19 18:1140
(20-3)13! 1-2-3
[TogcunTaeM 4UCIIO UCXOIOB M, OJIATOMPHUATCTBYIONUX COOBITHIO C.




Cpenu 3 B3sTBHIX Hayraj JAeTajiell TOJDKHO OBITh 2 cTaHJapTHBIE U | HecTaHAapTHAS.
Yucno crnoco6oB BEIOOPKHU 2 CTaHAAPTHBIX JIeTaNel U3 5 UMEIOIIUXCS CTaHJaPTHBIX PAaBHO
YUCITy COYETaHUM U3 5 1o 2:

2 5! _ 4.5 10
G-2)2! 1.2

Yucno crnoco6oB BEIOOPKHU 1 HECTaHIApPTHBIX JAeTayel u3 15 umeronmxcst HecTaH-
JapTHBIX PABHO:

Cls= B = 15 =15
as-npm 1

JIrobast rpynna Ka4eCTBEHHBIX JeTalIel MOXET KOMOMHUPOBATHCSA C JIFOO0H TPyYIIIOif
OpaKkOBaHHBIX JETaJel, T03TOMY O0IIEe YNCIO KOMOMHALIMN M COCTABIISET:

m=m,-m, =10-15=150.

Hckomast BeposATHOCTh coObITHS C paBHA OTHOLIEHUIO YUCIa HCXOA0B M, OJaronpu-
ATCTBYIOIIUX 3TOMY COOBITHIO, K YUCITY N BCEX PABHOBO3MOXHBIX HE3aBUCUMBIX HCXOJIOB:

150 15 5

PO) =2 ==
1140 114 38

m, =

m, =

B). D- Tpu aeTanu ctaHAapTHBIE,
20! 20-19-18
=Cy= = =1140
(20-3)13! 1-2-3

[TopcunTaeM YUCIO UCXO0B M, 0IArONPUATCTBYIOIINX COOBITHIO D.

Cpenu 3 B3sThIX Hayraj AeTaneil 1oKHO ObITh 3 cTaHgapTHbIE. Yucno crnoco0oB
BBIOOPKU 3 CTaHJAPTHBIX JeTajael U3 5 UMEIOUIUXCS CTAaHIaPTHBIX PaBHO YHUCITY COYETa-
HAW u3 S5 1o 3:

3 5! 3-4-5
5-3)13 1.2-3

Hckomast BepoITHOCTh COObITHS D paBHa OTHOIIICHHIO YUCTIA UCXO0JI0B M, OJ1aronpu-

STCTBYIOIIUX ATOMY COOBITHIO, K YHCITY N BCEX PABHOBO3MOKHBIX HE3aBUCUMBIX UCXOJOB:

oy 10 _ 1
1140 114

CnoxxuB HaﬁﬂeHHBIe 3HA4YCHMUA, ITOJTYUUM:
76 38 114 228

0,601

2). HaiiT BEpOSITHOCTB TOTO, UTO Hay/1ady B3ATOE ABY3HAYHOE YUCIIO OKaKETCs
KpaTHbIM 1100 3, 6o 5, 1100 TOMY U APYroMy OJTHOBPEMEHHO.

Pewenue:

[Tyctb A- cobsitue. Cocrosiiiee B TOM, YTO HayJauy B3SATOE YKCIO0 KpaTHO 3, a B- B
TOM, YTO OHO KPaTHO 3.

Haiinem P(A+ B). Tak xak A u B coBMecTHbIE COOBITHS, TO BOCIIOJIb3YyeMcs (hopMy-
noii (3): P(A+B)=P(A)+ P(B)—P(AB).

Bcero nmeercst 90 nBy3naunbix uucen: 11, 12, ..., 98, 99.



N3 nux 30 aBnsitoTcs KpaTHBIMU 3 (G1aronpusITCTBYIOT COOBITHIO A).
18- kpatHbIME 5 (01aronpUATCTBYIOT COOBITHIO B).

6- KpaTHBIMH OJTHOBpEMEHHO 3 U 5(0J1aronpusiTCTBYIOT cCOObITUIO AB).
Takum oOpazom:

30 1 18 1 6 1
P(A)=—=—- PB)=—=— P(AB)=—=—
()903’()9 5° ()9015'
Torna:

P(A+B)=l+l—i=l:0,467,
3 5 15 15

4. Teopembl yMHOKEHHUS BEPOSITHOCTEIA.

Teopema ymHOICEHUS 8€POAMHOCIEN HE3ABUCUMBIX COOBIMULL:
BeposATHOCTh COBMECTHOTO MOSBJIEHUS JIBYX HE3aBUCHMBIX COOBITHI paBHA MPOU3BEIE-
HUIO BEPOATHOCTEH ITHX COOBITHIA:

P(AB) = P(A)- P(B) (6)

BeposATHOCTh MOSBIICHHUS] HECKOJIBKUX COOBITHIA, HE3aBUCUMBIX B COBOKYITHOCTH, BBIUHC-
JseTcs o opmyiie:
P(A/A,..A)=P(A)-P(A)-...-P(A,) (7)

Teopema ymHoMCCHUA 8epOAMHOCMEL 3A8UCUMBIX COOLIMULL:
BeposiTHOCTH COBMECTHOTO MOSIBJICHUS JIBYX 3aBUCUMBIX COOBITHI paBHA MPOU3BEICHUIO
OJIHOTO M3 HUX Ha YCJIOBHYIO BEPOSATHOCTh BTOPOTO:

P(AB) = P(A)-P,(B) = P(B)- P;(A) (8)

IIpumepsbl:

1). B ogHoli ypHe HaxoasTcs 4 OenbIX U 8 YEPHBIX APOB, B ApYyroil 3 Oenbix u 9 uep-
HbIX. V3 KaX10i ypHBI BBIHYJIM 10 wapy. HaliTu BeposiTHOCTH TOTO, 4TO 00a 1apa oka-
KyTCsl OCTTBIMH.

Pewenue:

Ilycts A- nossienue 6enoro mapa u3 1 ypssl, a B- nosiBnenue 6enoro mapa us3 2 yp-
HbI. O4eBUIHO, 4TO COOBITHS A 1 B HE3aBHCHUMBEI.

Haitnem:
4 1 3 1
P(A)=—=—-  P(B)=—=—
() 12 3° (B) 12 4°
[To dhopmyre (6) momyunm:
11
P(AB)=P(A)-P(B)=—-—=—
(AB) = P(A)- P(B) 311

2). B smmke Haxomutcs 12 aetaneii, 3 KOTOpBIX 8 craHaapTHBIX. Pabounit 6eper
Hayjady OJ[HY 3a ApYyrou ABe neranu. HalTu BEpOSITHOCTh TOTO, UTO 00€ JIeTaIh OKaXKYT-
Cs CTaHJAPTHBIMM.

Pewenue:



IIycth A- nepBas B3sTas 1eTainp CTaHAAapTHasA, B- BTOpas B3sTas AeTajb CTaHJApTHAS.
Haiinem BeposiTHOCTD A:
8§ 2
P(A)=—=—
12 3
BeposiTHOCTB TOrO, 4TO BTOpast B3sTas A€Talb OKAYKETCSl CTAHJAPTHOM MPU YCIOBUH,
4TO ObLIA CTAaHAAPTHOW NEpBast 1eTallb, TO €CTh YCIOBHAsI BEPOSTHOCTh cOObITUA B, paBHa:
7
P,(B)=—.
11
BeposTHOCTB TOr0, 4TO 00€ JIeTaau OKaXKyTCsl CTaHAAPTHBIMU, HAXOUM IO (popMyJie

(8):

P(AB>=P<A>-PA<B>=§-1 4

= =0,424
1133

X00 evinonnenusn padoomol:
1. BpImoMHUTH 3a7aHus MO BapuaHTaM, UCIOJIb3YSl MPU HEOOXOAUMOCTH METOJUYe-
CKHE yYKa3aHUS.

3aoanus:

1 BapuaHT.

1. U3 ypHbI, B KOTOpOi HaxoasTcs 10 O6enbIX U 2 YepHBIX I1apa, BRIHUMAIOT OMH IIap.
HaiiTn BEpOsSTHOCTB TOTO, YTO IIAP OKAKETCS YEPHBIM.

2. U3 ypHbI, B KOTOpOii HaxoadTcs 10 O0enbix U 6 4epHBIX MIAPOB, BBIHUMAIOT HAyAauy
nBa mapa. KakoBa BepOSTHOCTb TOT0, 4TO 00a I1apa OKaxyTcst OeapIMu?

3. B nmaptuu u3 24 aeraneit Haxonastcs S OpakoBanHbIX. Hayran BeiOupatot 4 getanei.
HailimuTe BEpOSITHOCTh TOTO, UTO U3 3TUX YETHIPEX JETANIEH JBE OKAXYyTCs Opako-
BaHHBIMHU.

4. B smuke B cliydailHOM MOPSIAKE Pa3JIokKEHbI 15 neranei, npudem 5 U3 HUX CTaH-
naptHeie. Pabounii 6epet Haymady Tpu aetanu. Haiitu BEposSiTHOCTB TOTO, YTO IO
KpaiiHel Mepe OJTHa U3 B3STHIX JETaJIe OKaKETCsl CTaHAapTHOM (CoObITHE A).

5. B sk3ameHanroHHbIe OMIIETHI BKIIFOUEHO I10 JIBa TEOPETUYECKUX BOIPOCa U 0 OJI-
HoM 3ayaue. Beero cocraBieno 30 6uneroB. Beraucints BEpOSTHOCTH TOTO, UTO,
BBIHYB HayJlady OMJIET, y4alluicsi OTBETUT Ha BCE BOIIPOCHI, €CIIM OH MOATOTOBUI
52 TeopeTrndeckux BornpocoB u 20 3aaauu.

2 BapuaHT.

1. U3 ypHBI, B KOTOpOU Haxoaarcs 9 0enbIX U 3 4epHBIX 11apa, BRIHUMAIOT OAUH IIap.
Halitu BeposITHOCTH TOTO, YUTO IIap OKAXKETCS OEJIbIM.

2. U3 ypHBI, B KOTOpOil HaxoaaTcst 9 6enbIX U § YepHBIX MIapOB, BHIHUMAIOT HayAady
nBa mapa. KakoBa BeposITHOCTh TOTO, UTO 00a mIapa OKaxyTcs YepHbIMU?

3. B maptuum u3 21 neraneit HaxoasaTcs 6 OpakoBaHHbIX. Hayram BeiOuparoT 4 neraneil.
Haiimute BeposITHOCTh TOTO, UTO M3 3TUX YETHIPEX JACTaJIeH IBE OKaXyTcsi Opako-
BaHHBIMHU.



4.

B suke B ciy4ailHOM MOPSAAKE Pa3ioKeHbl 25 AeTaneld, IpuueM S5 U3 HUX CTaH-
naptaeie. Pabounii Oepet Haynady Tpu netanu. Hailtu BepoITHOCTH TOTO, YTO IO
KpaiiHell Mepe OJIHa U3 B3SATHIX JIeTalIel OKaXKETCsl CTaHIapTHOM (coObITHE A).

B sk3aMeHanMoHHbIe OUIIETHI BKIIOUEHO IO JBa TEOPETUYECKUX BOTPOCA U O O/I-
HoMi 3a7a4ue. Beero cocraBneno 32 6uiieToB. BeIYUCIUTh BEPOSTHOCTH TOTO, YTO,
BBIHYB HayJjauy OWJIET, y4alluiics OTBETUT HA BCE BOIIPOCHI, €CJIA OH MOJTOTOBUI
54 TeopeTU4EeCKUX BOIIPOCOB U 24 3a1a4M.

2. IIpuroToBUTH YCTHO OTBETHI HA BOIPOCHI K 3aIIUTE MPAKTUIECKON padoTe.
3alUTUTh BHIIIOJIHEHHYIO paboTy.
Bonpocut 0na 3auumeor:

1.

Al

[ToHsiTHE CiTy4ailHOTrO COOBITHSL.

ChopmynrpoBaTh KJIaCCHUECKOE OIMPeIeTICHHE BEPOSITHOCTH. 3anuIinuTe GopMyIy.
TeopeMsl ClI0KEHUS BEPOSITHOCTEN ISl COBMECTHBIX M1 HECOBMECTHBIX COOBITHI.
TeopemMbl YMHOKEHHSI BEPOSITHOCTEN /ISl 3aBUCUMBIX U HE3aBUCUMBIX COOBITHIA.
OObsicHUTE pellieHre 3a]1a4 CBOETO BapUaHTa.



IIpakTu4yeckas padora Ne2(.

Tema: CayyaiiHasi BeJIMunHA. [[UCKpeTHAsi M HEeNMPePbIBHAS CJIy4YailHbIE BeJIUYHHDI.
3aKoH pacnpeae/eHus CAy4ailHON BeJIMYUHbI.

L]env: HAYYUTH CTPOUTH PSiJl paclpe/iesieHus CIy4yaiHON BEJTMYMHbBI, HAXOIUTh QyHK-
IIUIO pacIpeeNieHus ClIy4yaliHOM BEJIMYMHBI.

Kpamxkue meopemuueckue ceedenusi:
e @opmya bepnyiiu.
e 3akoH pacnpeaeeHUs CJIAYYAHHON BeJMYMHBI.
e buHoMuajibHOe pacnpeaeeHue.

1. ®opmyaa bepuyim.

PaccmoTpum 3aauy, B KOTOPOM MPOBOJSATCS HE3aBUCUMBbIE TOBTOPHBIE UCIIBITAHUS C
JBYMSI UCXOJIaMHU:
3ajaya 1:
Ctpenok BBIMOJHAET TPU MOMBITKU. Y cnex ( MonajaHue B 1eJ1b) U HeycneX (MIpoMax)
Ka)XJI0M U3 HUX HE 3aBUCUT OT UCXOJIOB JIPYTUX MOMBITOK, @ BEPOSITHOCTh YCIEIIHOTO 3a-
BEPIICHUS KaXK/I0M MOMBITKYA MOCTOSIHHA U paBHA p. HailTu BEpOSITHOCTD YCTIEITHOTO 3a-
BEPILICHUS IBYX MOMBITOK U3 TPEX.

Pemienue:

ITycts Ay, A, 1 A3 — COOTBETCTBEHHO ycCIieX B 1-0i, 2-01 1 3-eii nmonbiTKe. Toraa ase

Y/IaYHbI€ MOTBITKA OTBEYAIOT CIEAYIOMIUM COOBITUIM: A, A, 4, - IBE TIEPBBIE MOMBITKH

yIQuHbI, TPEThsl HET; A, A, A,- YJa4HO TIepBasi U TPEThs MOMBITKA BTOpas HEYIauHa; A, 4, A,

- yIauHBI JIBE TIOCJICIHUE MOTBITKH, IepBast HeYIayHa.
HuTepecyromee Hac COOBITHE MOKHO 3alHCATh KaK CyMMY A 4, 4, + A A, A,+ A .4, A;.

Tak kak COOBITHSI BXOSIIUE B 3TY CYMMY, HECOBMECTHBI, a COOBITUSI A, A, 1 As- He3a-
BHCHUMBI, TO 110 (hOPMYJIaM CJIOKEHUSI U YMHOXKEHUS HAXOAUM:
P( A1A2 Z3 + A122A3+ Z1AzA3) - P( A1A2 23) + P( A122A3) + P( Z114216[3) =
=P(A)P(A2)P(4,) + P(A)P(4,)P(A3) + P( 4, )P(Ar)P(Ay).
Ho BeposiTHOCTH mONaaHus B 1IEJIb B KAXIOM IOMBITKE €CTh P, IO3TOMY BEPOSTHOCTh
nmpomaxa pasHa g =1- p. [logctaBum 3TH 3HaYEHUS, TIOJIYUUM :

P(A 4, 4+ A4 A+ 4,4,4,) = p*p*(1- p) + p*(1- p)*p + (p — 1)*p*p =3p°(1- p).

Ha sToM npumMepe Mbl MO3HAKOMUIIUCH C O0IIIeH cXeMOoM, KOTopas Obljla pacCMOTpEHa
IBEHIIApCKUM MaTtemaTukoM . bepHyinu, u Ha3bIBaeTcs cxemou bepuyninu.
B o0uiem ciydae 3Ta cxema npuBOAUT K popMmyiie:

P(A, )= Cipt—p)y*=Cip g™,
KOTOpasi Ha3sIBaeTCs popmynou bepuynu.

3agaua 2:



Momnety nogopaceiBatot 10 pa3. KakoBa BeposiTHOCTB, 4TO IIPH 3TOM T'epO BhITIAAACT
POBHO TpH paza?
Pewenue:
[TycTth A} 3 — coObITHE cocToslee B TOM npu 10-kpaTHOM noaOpackiBaHUU MOHETHI

rep0 BeimagaeT 3 pasza. [Ipu 3ToM BepoSITHOCTH BhINaJeHUS TepOa paBHa %, T. €. p=% . To-

raa g :1—%: % . [loacTasnss aTu 3HaYeHus B hopmyny bepHymiu, nmonydaum:

1Y 100 (1) 71#8%9%10  8%3%5 15
i) 4 -4 ) -T2

2)\2) 3 \2)  7eere2#3%21° T 1024 128
3amayva 3:

BeposiTHOCTB TOTO, UTO JTamMia ocTaHeTcst HeuctipaBHoi mociie 1000 gacoB paboThI,
paBHa 0,2. KakoBa BEpOATHOCTb TOT'0, YTO U3 S JaMIl MEHEE TPEX OCTAHYTCS UCIIPABHBIMU
nociue 1000 gacoB paboThI?

Pemenue:

bynem paccmatpuBaTh ropenue kaxjou gamnsl B TeueHur 1000 yacoB Kak OTAETbHBIN
omnbIT. Toraa MOXKHO CKa3aTh, YTO MPOBEACHO 5 onbITOB. Hac mHTEpecyroT cOObITUS «T0-
pAT 3 amnbl U3 5», «rOpAT 47aMITbI U3 5» U «TOPAT S JIaMI U3 5», T. €. Mbl MOKEM HaWTH

BEPOSATHOCTh KaXKJI0T0 U3 3THX COOBITHI 10 hopmyiie bepHyiu, yautsiBas, uro p=0,2 u
g=0,8:
5!
—(3,3,2 _ % 3 4 2 _ .
A5,3 Cipg 301 0,2° *0,8° =0,0512;
5!
41%1)

|
Ass=Clp’g’ = %*(),25 *1=0,00032;

Asy=Cipig' = *0,2* *0,8 = 0,0084;

Toraa uckomas BepossTHOCTH coctaBut 0,0512+0,0084+0,00032=0,0579.
2. 3akoH pacnpeaesieHUs CJIyYAHHON BeJIMYMHBI.

B npumepax, ¢ KOTOpIMH MbI BCTPETHIIUCh PaHEe, ClydaiiHbIe COOBITUS XapaKTepH-
3YIOTCSl C IOMOIIIBIO YKCe (YUCIOo caydyaeB Opaka, YuCiIo MOMaJaHuil npu CTpeaboe, Ync-
JI0 POJUBLIMXCS MaJIbUMKOB). Takoe MoJI0KeHNEe TUITMYHO ISl TEOPUN BEPOSTHOCTEH.
[Tpu 3TOM CcyuyaliHBII XapaKkTep UCX0/a BICUET 3a COOOM CIIy4aiflHOCTh YHCIIA; 3TO O3Ha-
YaeT, YTO MpU NOBTOPEHUHU ONbITA OHO MEHSETCS HEeNpPeIBUICHHBIM 00pa3oMm.

Cryuaiinou eequdunol Ha3bIBAETCS IEPEMEHHAS BEJIMYMHA, KOTOPask MOXKET MIPUHHU-
MaTh T€ WM UHbIC 3HAYEHUS B 3aBUCUMOCTH OT citydas. CiyyaliHble BETUYUHBI Oy1ieM
0003HauaTh 3arjJaBHbIMU OykBamu JaTuHCKOro andasuta (X, Y, Z), U UX 3HaYEHUS — CO-
OTBETCTBYIOIIMMU CTPOYHBIMH OyKBaMHu.

Crny4aiiHble BETUYUHBI JIESATCS HA PEPhIBHBIE (MU AUCKPETHBIC) U HEMPEPHIBHBIE.

Juckpemuvivu cayuatinbiMu 8eIudUHAMY Ha3bIBAIOTCS CIyYalHbIe BEJIMYUHBI, IPU-
HUMAIOIINE JTUIIh KOHEYHOE UJIM CUETHOE MHOKECTBO 3HAYCHUH.

@DyHKIMS, CBA3BIBAIONIAS 3HAUYEHUS CTy4YalHON BEIMYUHBI C COOTBETCTBYIOIIMMH UM
BEPOSITHOCTSIMH, HA3bIBAETCS 3aKOHOM pacnpeoeienusi TUCKPETHON CIIy4YalHON BEIMYHHBI.
Ero ynoOHo 3a1aBath B BUJIE ClIEAYIONIEH TaOTUIIBL:

| 3HaueHus x; X| x| x5 . Xn |




BepostHocTr P1 P2 P3 s Pn
Pi
CoObrTusa X=x;(i=1, 2, 3, ..., n) SABJISIFOTCSI HECCOBMECTHBIMH M €IMHCTBEHHO BO3-
MOHBIMH, T. €. OHU 00Pa3yIOT MOJHYIO CUCTEMY COObITHH. [ToaTOMY cCyMMa uX BEpOsIT-

HOCTEW paBHA €IMHUIIC:

pitp2tpst...tpn=> p =1
i=1

3ajgauda 1:
Pa3bIrpeiBaroTCs 1B BEIM CTOMMOCTBIO MO 5 pyOJieit 1 oHa Belb CTOMMOCTHIO 30

pyOneit. CocTaBUTh 3aKOH pacIipe/iesieHUs BBIMTPBIIIEH /17151 YeloBeKa, KynuBIiero 1 6u-
net u3 50.
Pemenue:
Nckomas ciydaitHas BennunHa X MpeACTaBIsieT COOOM BBIUTPHIII U MOKET TPUHUMATh
3nHaueHusd: 0, 5 u 30 py0. IlepBomy pe3ynbTaTy O1aronpHusITCTBYET 47 CilydaeB, BTOPOMY
pe3ysIbTaTy - JIBa Clly4as U TPEThEeMY — OJIMH cirydaid. Haliiem ux BeposTHOCTH:

P(x1)=f5‘_(7) — 0,04 P(xy)= % =0,04; P(x3)= % ~0.02;

3aKOH pacIpenencHus CIy4aiiHON BETUYMHBI UMEET BUI:

3HaueHHA X; 0 5 30
BepostHocTu 0,94 0,04 0,02
Pi

B kauectBe npoBepku Haiiem P(x;) + P(x;) + P(x3) = 0,94+0,04+0,02=1.
3agaya 2:
W3 ypHbI, copepxalieil 2 4epHbIX U 3 OelbIX mapa, Hayaady BeIHUMAKOT 2 mapa. [Tyctsb
X- 4uco BeINABIIMX YEPHBIX apoB. Halitu 3akoH pacnpenenenus X.

Pewenue:
Nckomas BenuurHa X mpeACTaBIseT cO00M Tpu BO3MOXKHBIX ciiydasi: 0- depHbIx (2 Oe-
nbix), 1 yepnbiii(1 G6enblit), 2 yepubix (0 6enbix). Halinem ux BeposiTHOCTH:
a). 0- yepHbIX (2 OeNbIX):

Bcero mapos: 2 6enbix +3 4epHBIX=5 MIapoB, HAyAauy BRIHUMAIOT 2 11apa, TOra

2 5! 1#2%..%5
n=C; = = =10- o0111ee YUCI0 BOZMOXKHBIX CITy4YaeB.
A0S =2)! 1*2*]1*2%*3

Haiinem konr4ecTBO KOMOWHAIIMK J1JIs HAILIETO CITyYas:
, 31 1%2%3
UG -2) 1%2%]

0). 1 uepnsii(1 Gemnblii),

=3, Toraa P(x1)=%;

n=10,
Haiinem xoaudyecTBO KOMOWHAIMH JJIs HAIIETO Cydast:
' ' * % s
m=C, *Cj} = 2, 3 172,172 3:6,TOF)18.P(X2)=£;
1FQ=1! 11*G-=1! 1*%1 1*1%*2 10

B). 2 uepHbIX (0 OenbIX),
n=10,
1,

m=C; =1, Toraa P(X1)=E,



3aKoH pacrnpeeraeHus UMEET BU/I:

3Ha4YeHHU X; 0 1 2
Beposarnoctu 3 6 2
Pi 10 10 10
o 3 6 1
B xauectBe npoBepku Haitnem P(X;) + P(x;) + P(x3) = E+ E+ E:L

3. buHoMuUAaJIbLHOE pacnpeae/IeHHe.

[TycTh Npou3BOAUTCS OMPEACICHHOE YHUCIO N HE3aBUCUMBIX OMBITOB, PUYEM B KaXJOM
U3 HUX C OJTHOM U TOH k€ BEPOSATHOCTHIO MOXKET HACTYIIUTh HEKOTOpoe coObITHE p. Pac-
CMOTPUM CITy4alHYIO BEIMYUHY X, IPEACTABIISIIONIYI0 COOON YHCIIO HACTYIJIEHUM COObI-
TUHA A B n OMnbITax. 3aKOH €€ paclpeeIeHUs] UMEET BUJ:

3Ha4YEHU X; 0 1 2 n
BepositHoctn | P(A,) P(A..1) P(A.») ... P(A.n)
Pi

rae P(A,x) Beruucistorcs no popmyne bepuymiu.

3aKOoH pacnpeeNeHnsi, KOTOPbIA XapaKTepu3yeTcs TAKOW TaONHIIel, Ha3bIBACTCs Ou-
HOMUAIbHBIM.
3ajiaya 1:

Momnety noadpaceiBaroT 5 pa3. CocTaBUTh 3aKOH paclpeAcICHUs CIyYaifHON BEIUYH-
HBI X — YKCJIa BBIMaACHUS repoa.

Pemienue:

Bo3MoxHBI cieayolye 3HaueHus cirydaiiHoit Benuuunsl X: 0, 1, 2, 3, 4, 5. 3Has, 4to

1 .
BCPOATHOCTD BBIIIAJICHUA rep6a B OJHOM HCIIBITAHHWHU PpaBHA 5 , HAUJICM BCPOATHOCTH 3HA-

YeHU ciydaitHoi BenuuuHbl X 1o ¢popmyie beprysmu:

0 5
P(A5,0)=C§)P°g5=1*(lj *(lj L

2 2] "3
P(As,l):c;p1g4:5*@1*@4:35_2 ;
P(As,)=C;p*g’ :10*[%)2 *[%T :;_(2) :
P(As4)=Cip'sg' :5*6)4*(31 :% :
P(Ass)=C:p’°g® =1*(%)5 *L%T =3_12 :

3aKoH pacrpeaeaeHus UMEET BU/I:

| 3mauenms x; | 0 | 1 | 2 | 3 | 4 | 5 |




BeposarnocTu 1 S5 10 10 S 1
pi 32 32 32 32 32 32
5,10 10 5 1

1
I[IponsBenem npoBepKy: — + — + — + —+ — + — =
P A P Py 32 32 32 32 32 32

X00 evinonnenusn padbomol:
1. BeimonHuTh 3aaHus IO BapHaHTaM, UCHOJbL3Yys MPU HEOOXOJUMOCTH METOJIUYe-
CKHE yKa3aHUs.
3aoanus:

Bapuanm 1:
1). YcranoBuTe, 3a7a€T JIM 3aKOH paclipeiesieHus Kakoh-1100 CllydailHOM BEJIMYUHBI Clie-
nyronias Tabauna:

-1 2 3 4
1 1 3 1
8 4 8 8

2). U3 ypHbl, cogepxaiieit 3 6ebix 1 4 4epHbIX 11apa, BRBIHUMAIOT Ha yJauy JiBa I1apa.
HaiinuTe 3akoH pacnpeneneHus X 4ucia BBIHYTHIX OCJbIX IIAPOB.

3). JIBa maxMatucTa, Urparoiiue B OJUHAKOBYIO CHITY, ChITPAIM MaTy U3 IIECTH MapTHi
(amubux B Matue He Obu10). [lycTh X — 4nciio mapTuid, BRIMTPAHHBIX OJHUM U3 IIaXMAaTH-
cToB. Halinure 3akoH pacnpenenenus X.

Bapuanm 2:
1). YcranoBuTe, 3a/1a€T U 3aKOH pacHpeaCIICHUS] KAaKON-THO0 CITydailHON BETUYUHBI
cieayromias Tadauna:

-2 -1 0 1
0 1 1 1
3 3 3

2). U3 ypHbI, conepxarieit 5 6esbIX U S 4epHBIX IapOB, BHIHUMAIOT Ha yAady TPH IIapa.
ITycts X — uncio BBIHYTHIX YEPHBIX IapoB. HaiiTu 3akoH pacnpeneneHus X.

3). [lo ogHOMY M TOMY € MapuIpyTy B OAUH U TOT K€ JIEHb COBEPIIAIOT MOJET TPU CAMO-
netra. BepoaTHOCTh MOcaiKu BHE pacnivcaHus s Kaxaoro pasHa 0,3. CocTaBuTh 3aKOH
pacrpeneneHus CiIy4aiiHOTO YMcia CaMOJIETOB, OTKJIOHUBIIMXCS OT PACIIMCAHUSI.

2.1IpuroToBUTH YCTHO OTBETHI HA BOMPOCHI K 3aLIUTE MPAKTUUYECKOU padoTe.
3allUTUTD BBIIIOJHEHHYIO padoTy.
Bonpocut ona 3aumumor:

1. ®opmyna bepuymin.

2. 3aKOH pacnpeaeieHUs CIyYailHOW BEJTUYUHBI.

3. BuHOMHalIbHOE pacnpeieNICHHE.

4. OOBICHHUTE perieHue 3a7a4 MPaKTHIECKOM.

5. Uemy BbI HAyYMJIHCH NP BBIMOJIHEHUN PAKTUUECKON paboThI?



HPUJIOKEHUSA

Hpuaoxenue 1.

IIpou3BoaHBIEC 3JIEMEHTAPHBIX PyHKIMHI

1 (x”),:n X"
> (\/;),:2\1/}’
3. (C) =0,

9,
TN
= =
N

I

|
kw’_‘

16. (arccosx) =— ;

!

17.(arctgx) =

18. (arcetgr) =———



Ipunoxenne 2.

IIpou3BoaHBbIE CIOKHBIX (PYHKIIMH.

cos™ u
6 (ctgu)':— _12 u',
sin” u
' 1 ,
7. (Inu) ==-u',
u
' 04343
8. (gu) = ) :

14. (arctgu), = 1+1u2 ‘u'.




Ipunoxenne 3.
Tab6anna 0CHOBHBIX Heonpe/ieJleHHbIX HHTErpajioB

xn+l

. "dx = C —
1 _[x X n+1+ (n;t 1),
2. Idx=x+C,
3. [P o+ C,
X
4. Iaxdx: a +C,
Ina

5. J.exdx:ex+C,
6. J.sinxdx:—cosx+C,
7. J.cosxdx:sinx+C,
8. Itgxdx:—m|cosx|+C,
9. [ctgxdx =Infsinx|+C,
10. [ —S—=tgx+C,

" cos” x

c dx
11..E——Ctg)€+c,

¢ dx . X
12.| ——==arcsin—+C,

Y ot — 2 a

dx 1 X
13. =—arctge—+C.
'[x2+a2 e By
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